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Eighth Kazakh - French Logical
Colloquium

Strong constructibility of prime and saturated models of theory
for recursive ordinal

S.S. Goncharov, A.M. Petrenko, V.K. Kravtsov, E.I. Khlestova

Camille Jordan Institut, Université Claude Bernard Lyon 1

43 boulevard du 11 novembre 1918

F-69622 Villeurbanne Cedex, France

E-mail: altinel@math.univ-lyon1.fr

Abstract

In the talk, results acquired as a result of investigation into strong construtibility of
models on the basis of ordinal constructions [1] will be presented. It was shown that
ordinals smaller than ωω are strongly constructive on the basis of criteria for strong
constructibility of prime models of decidable theories. The basis of this research is the
well known paper by A. Tarski, A. Mostowski, and D. Doner[2] on the decidability of
elementary theories of any ordinal. Using this technique and computability theory it
was shown that for any recusive ordinal λ it is possible to build a strongly constructive
presentation for ordinal ωω × Ωλ.
Theorem. Any computable ordinal is strongly constructive and the prime and satu-

rated their models of these theories decidable too.
This result can be used for some inductive constructions of models on the basis of

ordinals in order to investigate their decidability.
Acknowledgements. The research of E.I Khlestova was conducted with funding from

grant � 23-11-00170 of the Russian Science Foundation, https://rscf.ru/project/23-11-
00170/

References

[1] Y.L. Ershov, S.S. Goncharov Constructive Models. Springer New York, NY, 2012.
[2] Doner J. E., Mostowski, A., Tarski, A. The Elementary Theory of Well-Odering�A

Metamathematical Study�. in: Logic Colloquium '77 (A. Macintyre, L. Pacholski, and J.
Paris, eds.), Studies in Logic and the Foundations of Mathematics. 1978. V.96. pp.1�54.

6



Eighth Kazakh - French Logical
Colloquium

On the semigroups of theories

Anvar Nurakunov

Institute of Mathematics, NAS KR, pr. Chu 265a, 720071 Bishkek, Kyrgyzstan

E-mail: a.nurakunov@gmail.com

Abstract

Let T (σ) denote the set of all �rst-order theories in a language σ. For any theories
T, S ∈ T (σ), we de�ne a binary operation {·} by the rule: T · S = Th({A × B | A |=
T and B |= S}). It is straightforward to verify that the structure ⟨T (σ); ·⟩ forms a
commutative semigroup, referred to as the semigroup of theories of the language σ. It is
is clear that the set of all complete theories in the language σ forms a subsemigroup of
⟨T (σ); ·⟩ which is called the semigroup of complete theories.

An idempotent element of the semigroup of theories is called an idempotent theory.
A subsemigroup S of ⟨T (σ); ·⟩ is called a formula de�nable semigroup if there is a theory

T ∈ T (σ) such that S = ⟨{X ∈ T (σ) | X · T = T}; ·⟩. Formula de�nable semigroups of
theories and idempotent theories naturally arise in Rees representations of the semigroup
of theories.

In this talk, we will review published results on idempotent theories and formula de-
�nable semigroups of (complete) theories, as well as present new �ndings and examples.

Acknowledgements. The authors has been supported by Ministry of Education and

Science of the Republic of Kazakhstan (Grant No. AP23485395)
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Eighth Kazakh - French Logical
Colloquium

Simple pseudo�nite groups of small dimension, without CFSG

Frank Wagner

Université Claude Bernard Lyon 1

E-mail: wagner@math.univ-lyon1.fr

Abstract

Pseudo�nite groups (resp. �elds) are in�nite groups (�elds) which satisfy every �rst-
order property that is true in all �nite groups (�elds). In [1], Ax characterised pseudo�nite
�elds in purely algebraic terms. Using Ax's result and the classi�cation of �nite simple
groups (CFSG), Wilson proved that a simple pseudo�nite group is elementarily equivalent
to a (twisted) Chevalley group over a pseudo�nite �eld [6].

A structure is supersimple of �nite SU-rank if its de�nable sets (in some monster
model) are equipped with a notion of dimension, called SU-rank, taking integer values.
It is well known [2] that a pure pseudo�nite �eld F is supersimple of SU-rank 1. Hence,
using Wilson's classi�cation, the theory of any simple pseudo�nite group G is supersimple
of �nite SU-rank [4, Theorem 4.1]. In particular, it is easy to see [3, Proposition 6.1]
that a simple pseudo�nite group G with SU(G) = 3 is isomorphic to PSL2(F ) for some
pseudo�nite �eld F . However, this observation heavily relies on CFSG.

A more general notion was introduced by the second author in [5, De�nition 1.1]: A
structure is �nite-dimensional if there is a dimension function dim from the collection
of all interpretable sets (again, in some monster model) to N ∪ {−∞}. In particular,
supersimple structures of �nite SU-rank are �nite-dimensional, where the dimension is
SU-rank. In this case the dimension is additive and �ne.

We reprove Wilson's identi�cation for a pseudo�nite groups of dimension 3 withut
CFSG, thus answering positively [3, p. 3, Question (3)] and [4, p. 171].
Theorem (Without CFSG). Let G be a pseudo�nite �nite-dimensional group with

additive and �ne dimension. If dim(G) = 3, then either G is soluble-by-�nite, or Z̃(G) is

�nite and G/Z̃(G) has a de�nable subgroup of �nite index isomorphic to PSL2(F ) where
F is a pseudo�nite �eld.

Our result suggests the following question.
Question. Let G be a non-abelian de�nably simple pseudo�nite group. Can one show,

independently of CFSG, that G is �nite-dimensional with additive and �ne dimension?
This is joint work with Ulla Karhumäki.

References

[1] James Ax. The Elementary Theory of Finite Fields. Annals of Mathematics,
88(2):239�271, 1968.

[2] Zoé Chatzidakis, Lou van den Dries, and Angus Macintyre. De�nable sets over
�nite �elds. J. Reine Angew. Math., 427:107�135, 1992.

[3] Richard Elwes, Eric Jaligot, Dugald Macpherson, and Mark Ryten. Groups in
supersimple and pseudo�nite theories. Proceedings of the London Mathematical Society,
103(6):1049�1082, 2011.
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[4] Dugald Macpherson. Model theory of �nite and pseudo�nite groups. Archive for
Mathematical Logic, 57:159�184, 2018.

[5] Frank O. Wagner. Dimensional groups and �elds. The Journal of Symbolic Logic,
85(3):918�936, 2020.

[6] John S. Wilson. On simple pseudo�nite groups. Journal of the London Mathemat-

ical Society, 51(2):471�490, 1995.
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Eighth Kazakh - French Logical
Colloquium

Logicians and Geometers on Algebraic Groups

Bruno POIZAT

Université Claude Bernard Lyon 1

E-mail: poizat@math.univ-lyon1.fr

Abstract

Algebraic groups are de�ned in Algebraic Geometry in a very speci�c way, permitting
them to produce a Group scheme whose rational points over an arbitrary �eld K form a
group GK ; the only constraint is that K contains the parameters involved in the de�nition
of the group. The geometric isomorphisms, allowing Geometers to identify two algebraic
groups, are similarly de�ned in a very restricted manner.

On the other hand, the Model Theorists, while working in an algebraically closed
�eld K, consider the groups and the group-homomophisms which are de�nable in K;
they are called constructible by the Geometers. In some sense, constructible groups
are the same as algebraic groups, since it is a theorem that a constructible group is
constructibly isomorphic to an algebraic group, which is unique in characteristic 0, when
any constructible group-homomorphism between algebraic groups is in fact geometric.

But this is no more the case in characteristic p, where two algebraic groups may be
constructibly isomorphic without being geometrically isomorphic: in other words, they
have the same rational points over every algebraically closed �eld, but not over every �eld.
They are considered as the same object by Model Theorists, but not by Geometers. This
phenomenon may be a source of confusion when we transfer a result from one domain to
the other.

In this talk I will approach the simple algebraic groups from a model theoretic perspec-
tive, keeping in mind the Algebraicity Conjecture of Zilber and Cherlin, which is open
since 50 years, and which claims that they represent the general case of simple groups
of �nite Morley rank. We shall study the connection between the automorphisms of the
simple group G and the automorphisms of the base �eld K.

The essential fact is that such a group form what I call an Autonomous constructible
structure. In characteristic 0, in any such structure S we can de�ne without parameters
a copy L of the base �eld, and as a consequence we show that the group of constructible
automorphisms of S is de�nable, and is the largest superstable group of automorphisms
of S.

In characteristic p, we can de�ne without parameters only a multi�eld (L1, . . . , Ln) of
copies of K, but there exists in this case also a maximal de�nable group Autmax(S) of
automorphisms of S, which is also its maximal superstable group of automorphisms.

We obtain a constructible version of Borel-Tits Theorem: if two autonomous con-
tructible structures, and in particular two simple algebraic groups, de�ned over the same
algebraically closed �eld K, are abstractly isomorphic, they are constructively isomorphic.

All the results above are obtained by general methods from Model Theory, but to
identify, in the case of an algebraic simple group G, the group Autmax(S) with the group
of geometric automorphisms of G, we need a deep result from Algebraic Geometry, namely
the Theorem of Borel and Tits, taking into full account the special isogenies discovered
by Chevalley.
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Eighth Kazakh - French Logical
Colloquium

Computable numberings in the Ershov hierarchy

Serikzhan Badaev

Kazakh-British Technical University

E-mail: sbadaev@gmail.com

Abstract

The paper of Yuri L. Ershov [1] and the joint paper of Sergey S. Goncharov and
Andrea Sorbi [3] have played a fundamental role in research on the theory of computable
numberings over the past half century.

In [1], Ershov formulated the notion of the upper semilattice of computable number-
ings for an arbitrary family of computably enumerable sets and posted several problems
that attracted many researchers and indeed simulated great activity in the study of the
computable numberings of the families of c.e. sets. Two main problems posted by Ershov
in this article as well as in his lectures at the Novosibirsk University in 1967�68 are the
following:

1. Find a structural criterion for a family of c.e. sets to have one-element upper semi-
lattice of computable numberings.

2. What is a possible number of minimal elements in upper semilattice of computable
numberings.

The results in attempts forwards solving these and many other problems during the
�rst decade after their posting were accumulated in the monograph [2].

In [3], Goncharov and Sorbi suggested the notion of generalized computable numbering
for a family of sets that admit de�nability in some formal language. Their approach
implies that a generalized computable numbering is an 'uniformly enumerable' sequence
of the sets of a family for which one could de�ne a notion of an 'enumeration procedure'.
The approach of Goncharov-Sorbi allowed to introduce the notion of the upper semilattice
of generalized computable numberings (currently known as Rogers semilattice) for a family
of sets from a couple known classes such as the classes of arithmetical and analytical sets
and to formulate the generalized Ershov problems as follows:

What is a possible cardinality of Rogers semilattices? What is a possible number of
minimal elements in Rogers semilattices of in�nite families of sets?

Besides, the problem of an existence of the greatest element and the problem of an
existence and number of minimal elements, especially of well-known types (Friedberg,
positive, non-positive) arose in a natural way.

Remind the basic notions. Let n be a positive integer.
A numbering α of a family A of Σi

n sets is called Σi
n-computable if {(m,x) | x ∈

α(m)} ∈ Σi
n. Here i ∈ {−1, 0, 1}. Comi

n(A) denotes the set of all Σi
n-computable num-

berings of A.
A numbering α is reducible to a numbering β (α ⩽ β) if α = β ◦f for some computable

function f . α is equivalent to β (α ≡ β) if α ⩽ β and β ⩽ α. Rogers semilattice Ri
n(A)

is the quotient structure ⟨Comi
n(A)/≡,⩽⟩ w.r.t. equivalence of numberings.
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The talk is aimed to show results in the study of Rogers semilattices of the families
in the Ershov hierarchy in compare with achievements in the arithmetical case for which
the solution of both problems of Ershov have succeeded, [3], [4].

We have to mention only two surprising facts to illustrate the di�erence between the
Rogers semilattices in the case of c.e. sets and the case of the di�erences of c.e. sets:
Theorem 1 (Badaev and Talasbaeva, [5]). There exists a family A = {A ⊂ B} ⊆ Σ−1

2

s.t. |R−1
2 (A)| = 1.

Theorem 2 (Abeshev, [6]). There is a family which consists of disjoint two non-empty
Σ−1

2 sets and has no principal numberings.
The following theorem played a crucial role in the understanding of the structure of

R−1
2 (A) for the families A ⊆ Σ−1

2 .
Theorem 3 (Badaev and Lempp, [7]). There exists a family of d.c.e. sets whose

Rogers semilattice consists of an upper cone and exactly one element that is outside of
that cone.

Due to the Frank Stephan operator Γk, [8]: for every family A ⊆ Σ−1
k there is a family

Γk(A ⊆ Σ−1
k+1 such that R−1

k (A) and R−1
k+1(Γk(A) are isomorphic.

And now we stop at the current state of Ershov's problems:
Theorem 4 (Badaev and Goncharov, in preparation). There is a family A ⊆ Σ−1

2 ,
whose Rogers semilattice R−1

n+2(A) has the greatest element and exactly two minimal ele-
ments.
Theorem 5 (Badaev, Bazhenov, Goncharov, Kalmurzaev, Mel'nikov, and Ng, in

preparation). There is a family A ⊆ Σ−1
2 with two-element Rogers semilattice R−1

2 (A).
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Abstract

Some results of the ongoing research on the study of the properties of formula-de�nable

quasivarieties by the participants (Bekenov M.I., Kasatova A.M., Kabidenov A.A., Kozy-

baev D.Kh., Mamyraly A., Makhrabatov N.D., Nurakunov A.M.) of the scienti�c seminar

named after A.D. Taimanov at the L.N. Gumilev ENU are proposed.
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Abstract

In 1981, Wilson conjectured that any ω-categorical locally nilpotent p-group is nilpo-

tent. If true, a quite satisfactory decomposition of ω-categorical groups would follow.

This conjecture is very much open more than 40 years later. The analogue statement for

Lie algebras (every locally nilpotent ω-categorical Lie algebra is nilpotent) is also open.

Both statement can be reformulated as: any omega-categorical Engel group/Lie algebra

is nilpotent. As such, those questions are connected to Burnside-type problems and the

work of Higman, Kostrikin, Zelmanov, Vaughan-Lee, Traustason, etc. For instance, us-

ing a classical result of Zelmanov, the conjecture for Lie algebras is true asymptotically

in the following sense: for each n ∈ N, every n-Engel Lie algebra over Fp is nilpotent

for all but �nitely many p's. There is a similar statement for groups. The situation for

small values of the pair (n, p) is highly characteristic-dependent, for instance, 4-Engel Lie

algebras over a �eld of characteristic p are nilpotent except if p = 2, 3 or 5. I recently

proved that ω-categorical n-Engel Lie algebras over a �eld of characteristic p are nilpo-

tent for (n, p) = (3, 5) and (n, p) = (4, 3). In this talk I will convey ideas of the proof

for (n, p) = (3, 5) and explain how to use this result to prove that ω-categorical 5-Engel

5-groups are nilpotent. This work is at the intersection of model theory, group theory

and computer algebra.
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Abstract

In the talk, we present a series of results on the power of methods of reconstruction of
algebraic structures from their �nite parts (sets of prototypes) provided that some family
of transformations preserving the structure is known.

We consider the following three methods of reconstruction of structures from their
�nite parts:

� Reconstruction of a structure from a �nite set of prototypes if we know its automor-
phisms, which corresponds to the notion of holographicity.

� Reconstruction of a structure from a �nite set of prototypes if we know its self�
embeddings, which corresponds to the notions ofweak holographicity and weak co-
holographicity.

Structures that can be de�ned up to isomorphism using these methods are called
respectively holographic, weakly holographic and weakly coholographic.

We give descriptions of such structures in some classes of structures and describe the

relationship between these three notions and countable categoricity.
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Abstract

A quasi-variety of lattices is an axiomatic class of lattices closed under sublattices,
direct products and ultra products of lattices. A �nite lattice has no �nite basis of quasi-
identities if the quasivariety generated by this lattice is not �nitely axiomatizable.

A (topological) algebra is pro�nite if it is representable as an inverse limit of �nite
algebras (endowed with the product topology). A quasivariety N is pro�nite if every
pro�nite algebra in N is an inverse limit of �nite algebras from N .

For a �nite algebra A, the class ScP(A) of all topologically closed subalgebras of non-
zero direct powers of A with respect to the product topology is called a topological qua-
sivariety generated by A. It is well known results of the general topology state that an
algebra B belongs to ScP(A) if and only if B is an inverse limit of some set of �nite alge-
bras, moreover, B carrying a Boolean topology τ (compact, Hausdor� and with a basis
of clopen sets) such that each operation in B is continuous relative τ . According to [1], a
topological quasivariety generated by a �nite algebra is standard if it is pro�nite.

There are two well-known and closely related problems in universal algebra and lattice
theory: Which �nite lattices generate �nitely based quasivarieties? and Which �nite
lattices generate standard topological quasivarieties? The �rst problem is attributed to
V. A. Gorbunov and D. M. Smirnov (1978) [2], while the second is due to D. M. Clark,
B. A. Davey, M. G. Jackson, and J. G. Pitkethly (2008) [1].

The main goal of this talk is to discuss the results obtained on both problems and to
present some new ones.
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Abstract

This talk presents the main results on Zinbiel superalgebras and special Tortkara su-
peralgebras, highlighting key di�erences between the super and the non-super setting.
We present examples of Zinbiel superalgebras with Rota-Baxter operators and construct
a basis for free Zinbiel superalgebras. Moreover, we establish a superalgebraic analogue
of the Lie criterion for Zinbiel superalgebras. In contrast to the classical case, some ho-
momorphic images of special Tortkara superalgebras on two generators are exceptional.
Finally, we present a classi�cation of all Tortkara superalgebras of dimensions 2 and 3.

The talk is based on my recent joint work with So�ane Bouarroudj. This research was
supported by the Science Committee of the Ministry of Science and Higher Education of
the Republic of Kazakhstan (Grant No. AP22683764)
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Abstract

In this talk we want to attract your attention to some practical applications of methods
of discrete mathematics, algebra and logics in cryptography. Solutions of many real
cryptographic tasks that appear in applications are based on math achievements. That
is why we invite professionals and students to apply their knowledge to solving olimpiad
tasks of NSUCRYPTO.
Non-Stop University CRYPTO (NSUCRYPTO) is the unique international

competition for professionals, school and university students, providing various problems
on theoretical and practical aspects of modern cryptography, see [1]. The main goal of the
olympiad is to draw attention of young researchers not only to educational tasks, but also
to complicated scienti�c problems at the intersection of mathematics and cryptography.
That is why every year we include open problems into the list of tasks; some of them
deserve an individual publication in case of being solved. Since NSUCRYPTO holds via
the Internet, everybody can easily take part in it.

The �rst Olympiad was held in 2014, since then several thousands students and spe-
cialists from more than 70 countries took part in it. The Program committee includes
31 members from cryptographic groups all over the world. Main organizers and partners
are Cryptographic center (Novosibirsk), National Technology Center for Digital Cryptog-
raphy, Novosibirsk State University, Kryptonite, Aktiv company, KU Leuven, Southern
Federal University, Infotecs, Kovalevskaya North-West Center of Mathematical Research,
Belarusian State University, Tomsk State University and Nsucrypto-lab.

In 2024 there were more than 1250 participants from 47 countries.
Following the results of each Olympiad we publish scienti�c articles with detailed solu-

tions and some analysis of the solutions proposed by the participants, including advances
on unsolved ones, see for instance [3, 2, 14, 7, 8, 9, 10, 11, 13].

One of the main characteristic of the Olympiad is that unsolved scienti�c problems are
proposed to the participants in addition to problems with known solutions. All 38 open
problems that were o�ered since the �rst NSUCRYPTO can be found here [1]. Some of
these problems are of great interest to cryptographers and mathematicians for many years.
These are such problems as �APN permutation� (2014), �Big Fermat numbers� (2016),
�Boolean hidden shift and quantum computings� (2017), �Disjunct Matrices� (2018), and
others.

We are proud that some researchers continue to work on solutions of unsolved problems
even after the Olympiad was over. For example, authors of [12] proposed a complete solu-
tion for problem �Orthogonal arrays� (2018). Partial solutions for another open problem,
�A secret sharing�, (2014) were presented in [5], [6], and a recursive algorithm for �nding
the solution was proposed in [4].

We invite students and young researchers to participate in the Olympiad.
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Abstract

This is a talk in model-theoretic algebra. A Lie ring is an abelian group (V,+) equipped
with a bracket [·, ·] : V × V → V which is additive in each variable, antisymmetric, and
satis�es the Jacobi identity. This is like a Lie algebra, but without an underlying vector
space structure.

One conjectures that under reasonable model-theoretic assumptions, an in�nite, simple
Lie ring should be a Lie algebra over an interpretable �eld. This is the Lie-analogue of the
Cherlin-Zilber conjecture on groups. The di�culty concentrates in positive characteristic
(where Lie algebras are notoriously more challenging than in characteristic 0).

Mostly due to the lack of a `Lie correspondence' in model theory, the Cherlin-Zilber
conjecture and its Lie-analogue have no relationship. However the latter deserves some
attention, recently regained after seminal (and forgotten for decades) work by Zilber and
Rosengarten.

The talk will survey what is known in this direction, and possible next steps. No

knowledge of Lie theory is required.
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Abstract

The systematic investigations of computable categoricity (autostability) go back to
the works of A. I. Mal'tsev [3]. For a Turing degree d, a computable structure S is
d-computably categorical if the degree d can compute isomorphisms between arbitrary
computable copies of S. The categoricity spectrum of the structure S contains all degrees
d such that S is d-computably categorical. If the categoricity spectrum of S has a
least degree x, then x is called the degree of categoricity for S. In the last 15 years, the
categoricity spectra theory [2] has been one of the actively developing areas of the modern
computability theory.

The talk gives an overview of the recent results on categoricity spectra and degrees of
categoricity. We focus on e�ective categoricity for structures belonging to familiar classes,
including decidable models [3], linear orders [4, 5], Heyting algebras [6, 7].
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Abstract

From the existential closeness of the structure M in the extension N follows the
coincidence of their existential and universal theories. Then their union T c = Th∃(M)∪
Th∀(M) is called a companion theory of the structure M, and the class of all the
models of this companion theory is called a companion-class C(M) of the structure M.
Research in this area was started by A. Robinson in the early �fties, when he proved some
remarkable properties of algebraically closed �elds and created a complete and beautiful
theory of model completeness. He also proposed to generalize the concept of �a structure
being existentially closed in its extension� to the concept of �a structure being existentially
closed in some theory.� It is easy to see that this property reduces to the property of "being
existentially closed in any of its companion extensions".

It was clear from the beginning that the problem of identifying existentially closed
structures even in classical algebras turned out to be very di�cult. Therefore, in 1970,
A. Robinson and John Barwise proposed to use a new method of �forcing� from set the-
ory for their construction. They proved that the structures obtained using this method
are existentially closed. Due to the importance of this class, it received a separate name
"forcing companion". It is well known that all forcing structures are existentially closed.
Therefore, the following statement seems unexpected, and has several important conse-
quences.
Theorem 1. Existentially closed and forcing companions coincide.
As it turns out, this theorem implies that a number of properties of existentially closed

companions are similar to the corresponding properties of model-complete ones.
Theorem 2. The elementary theory of any existentially closed companion is com-

plete, and the usual inclusion between two existentially closed structures belonging to it
is elementary.

The question of the quanti�er complexity of existentially closed companions is still
open. Any companion theory has quanti�er complexity one, and its completeness is a
very exotic property. At the same time, there are many natural and important com-
plete axiomatizable theories. It can be shown that any companion theory has a unique
∀∃−axiomatizable extension, which is naturally called its inductive companion.
Theorem 3. Any inductive companion is contained in an existentially closed one.
It follows from this theorem that if a given inductive companion is complete, it coincides

with the elementary theory of existential closure.
It should be noted that in the proofs of all the theorems given above, "Fraisse classes"

play an important role. But in the following theorem, which provides necessary and suf-
�cient conditions for the model completeness of the elementary theory of an existentially
closed companion, the properties of �nite structures from its Fraisse class are used directly.
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Abstract

Associative algebras are closely related to several important classes of algebras, includ-
ing Lie algebras, Jordan algebras, dendriform algebras, and noncommutative Novikov al-
gebras. For example, the Poincaré-Birkho�-Witt theorem provides the embedding of any
Lie algebra into an appropriate associative algebra under the commutator. Some Jordan
algebras can be obtained from associative algebras using the anti-commutator. However,
there exist exceptional Jordan algebras that cannot be embedded into any associative
algebra via the anti-commutator [1].

In this talk, we de�ne four types of associative algebras based on Mal'cev's classi�-
cation. In [2], it was shown that the space of identities of degree 3 in associative algebras
can be decomposed into subspaces de�ned by the following identities:

abc+ bac+ acb+ cab+ bca+ cba = 0, (1)
abc− bac− acb+ cab+ bca− cba = 0, (2)

abc+ bac− bca− cba = 0, (3)
abc+ acb− cba− cab = 0. (4)

Using these identities, we de�ne the corresponding subvarieties.
We study these subvarieties from the point of view of operads and show connections

with well-known algebras such as dendriform algebras and noncommutative Novikov al-
gebras. Finally, we de�ne new operations�commutator and anti-commutator on these
algebras and obtain some identities under these new operations.
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Abstract

The Rogers semilattice is one of the main objects in numbering theory. The most basic
invariant of Rogers semilattices is their cardinality. A classical result in this area is the
famous Khutoretskii's theorem, which states that the cardinality of a Rogers semilattice
for computable families is either one or in�nite [1]. Badaev and Lempp showed in their
paper that Khutoretskii's construction does not work in the case of Rogers semilattices
for families from the Ershov hierarchy [2].

The talk will discuss some cases where a Khutoretskii-type construction does work for
families from �nite levels of the Ershov hierarchy.
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Abstract

As usual, βX denotes the standard �ech�Stone compacti�cation of the discrete spaceX,
which we identify with the set of ultra�lters over X (see [2, 6]). We consider here ultra-
�lters over ω although most of our results remain true for ultra�lters over any in�nite
set X. The Rudin�Keisler preorder ≤RK on βω is de�ned by letting u ≤RK v i� there
exists f : ω → ω such that f̃(v) = u, where f̃ : βω → βω is the continuous extension
of f . The Comfort preorder ≤C on βω is de�ned by letting u ≤C v i� any v-compact
space is u-compact, where a space X is u-compact i� f̃(u) ∈ X for any f : ω → X. (See
[2, 6] for more on ultra�lters and ≤RK, and [3, 4] for ≤C.)

For u, v ∈ βω and any ordinal α, de�ne: uR0 v i� u is principal, R<α =
⋃

β<αRβ, and
uRα v i� there exists a continuous map f : βω → βω such that f(v) = u and f(n)R<α v
for all n < ω. The hierarchy is non-degenerate and lies between ≤RK and ≤C as stated in
the following theorem.

Theorem 1. R1 = ≤RK; R<α ⊂ Rα for all α < ω1; R<ω1 = Rω1 = ≤C.

If X, Y are spaces and α is an ordinal, f : Xα → Y is right-continuous w.r.t. A ⊆ X
i� for all β < α the shift x 7→ f(a0, a1, . . . , x, bβ+1, bβ+2, . . .) is continuous whenever
a0, a1, . . . ∈ A and bβ+1, bβ+2, . . . ∈ X. As shown in [8, 9], if n < ω, X is discrete, and
Y is compact Hausdor�, then every f : Xn → Y uniquely extends to f̃ : (βX)n → Y
that is right-continuous w.r.t. X. This fact provides a canonical way to obtain, for an
arbitrary �rst-order model A, its ultra�lter extension βA ([8, 9]), generalizing the well-
known construction of ultra�lter extensions of semigroups comprehensively treated in [6].
(Some historical remarks can be found in [7].)

If n < ω, the relations Rn can be rede�ned in terms of ultra�lter extensions of n-ary
operations on ω as follows: uRn v i� there exists f : ωn → ω such that f̃(v, . . . , v) = u.
Moreover, Rm ◦ Rn = Rnm (so Rn are not preorders for 2 ≤ n < ω). These observations
can be expanded to all Rα by using ω-ary operations on ω. Such an operation is identi�ed
with a continuous map of the Baire space ωω into the discrete space ω; these maps admit
a natural hierarchy ranked by countable ordinals.

Proposition 1. Any continuous f : ωω → ω uniquely extends to f̃ : (βω)ω → βω that is
right-continuous w.r.t. ω (in other words, ω-ary operations on ω extend to such operations
on βω).

Proposition 2. Let α < ω1 and u, v ∈ βω. Then uRα v i� there exists a continuous

f : ωω → ω of rank α such that f̃(v, v, . . .) = u.
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The composition of arbitrary R<α is expressed via a multiplication-like operation on
ordinals. To simplify notation, denote supγ<α(γ · β) by (<α) · β; the explicit calculation
of these ordinals, used in getting the following result, is rather cumbersome.

Theorem 2. Let α, β < ω1.

(i) Rα ◦ Rβ = Rγ where γ = β · α if β = 0 or α < ω, γ = β · (α + 1) − 1 if 0 < β < ω
and α ≥ ω, and γ = β · (α + 1) if α, β ≥ ω;

(ii) If α > 0 is limit, then R<α ◦Rβ = R<γ where γ = β · α;

(iii) If β > 0 is limit, then Rα ◦ R<β = R<γ where γ = (<β) · α if α < ω, and γ =
(<β) · (α + 1) otherwise;

(iv) If α, β > 0 are limit, then R<α ◦R<β = R<γ where γ = (<β) · α.

Corollary 1. Let 2 ≤ α ≤ ω1. Then R<α is a preorder i� α is multiplicatively indecom-
posable.

De�ne preorders between ≤RK and ≤C by letting ≤0 = ≤RK and ≤1+α = R<ωωα for all
α ≤ ω1. So, if α is in�nite, R<α = ≤α i� α is an epsilon number. Also ≤α ◦ ≤β = ≤γ

where γ = max(α, β).
Let us now consider two applications in model theory. The �rst concerns ultra�lter

extensions. As shown in [5], for any ultra�lter v and semigroup S, the set {u : u ≤C v}
forms a subsemigroup of βS. This can be expanded to arbitrary �rst-order models and
relations R<α as follows.

Corollary 2. For all ordinals α > 1, ultra�lters v, and models A, the following are
equivalent:

(i) {u : uR<α v} forms a submodel of the model βA;

(ii) α is additively indecomposable.

Consequently, for all α > 0, v, and A, {u : u ≤α v} forms a submodel of βA.

The second application concerns ultrapowers. For a model A with the universe A,
a set I, an ultra�lter u over I, and f : I → A, let fu denote the u-equivalence class
of f , and

∏
u A the ultrapower of A by u. As shown in [1], the Rudin�Keisler preorder

has a natural characterization in terms of ultrapowers: u ≤RK v i�
∏

u A ⪯
∏

vA for
all models A, and also i�

∏
u N ⪯

∏
vN where N is the full model of ω, i.e., it has the

universe ω and all relations and operations on ω.
It is not di�cult to characterize Rn with n < ω via ultrapowers in a similar manner:

Proposition 3. For all u, v, and n < ω, the following are equivalent:

(i) uRn v;

(ii)
∏

u A ⪯
∏

v . . .
∏

v A (n times) for all models A;

(iii)
∏

u N ⪯
∏

v . . .
∏

v N (n times).

To handle the case α ≥ ω, the following �skew version� of limit ultrapowers is used.
First for any e : A → B de�ne eu :

∏
uA →

∏
uB by letting eu(gu) := (e ◦ g)u . Clearly,

e : A ⪯ B implies eu :
∏

u A ⪯
∏

u B. Then for every model A, ultra�lter u, and ordinals α,
de�ne the models Au,α and their embeddings eβα for β < α:

(i) Au,0 := A, Au,1 :=
∏

uA, and e01 = d (the diagonal map);
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(ii) if α is limit, then Au,α := limβ→α Au,β w.r.t. the system {eγβ}γ<β<α , and the maps
eβα (β < α) are de�ned naturally;

(iii) if α = β + 1, then Au,α :=
∏

u Au,β, and the maps eδα (δ < α) are de�ned as follows:

(a) if β = γ + 1, then eβα := euγβ;

(b) if β > 0 is limit, then for any g ∈ Au,β

θβα(g) := θuγβ(h)

for some γ < β and h ∈ g ∩ Au,γ+1;

(c) for any δ < β, eδα := eβα ◦ eδβ.

Lemma 1. All Au,α are well de�ned, and if β < α then eβα : Au,β ⪯ Au,α .

Theorem 1. For u, v ∈ βω, and a limit ordinal α > 0, the following are equivalent:

(i) uR<α v;

(ii) there is β < α such that Au,1 ⪯ Av,β for all models A;

(iii) there is β < α such that Nu,1 ⪯ Nv,β.

Consequently, u ≤C v i� Au,1 ⪯ Av,ω1 for all models A, and also i� Nu,1 ⪯ Nv,ω1.
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Abstract

Intuitively, generic sampling is a method for sampling types over monster models of a
�rst-order theory with respect to a Keisler measure. In practice, this involves studying
countably iterated Morley products of relatively tame Keisler measures. Given such a
measure, one can straightforwardly derive a corresponding Borel measure on the space of
L-structures over the natural numbers. In particular, if the original monster model is a
graph (respectively, a hypergraph), then generic sampling yields measures on the space
of all graphs (respectively, hypergraphs) on the natural numbers.

A graphon is a symmetric measurable map from [0, 1]2 to [0, 1]. These graph-like objects
also give rise to a notion of sampling. It turns out that all Sym(N)-invariant measures
on the space of graphs (over the natural numbers) are mixtures of sampling procedures
arising from graphons. We remark that graphons admit a higher-arity generalization to
hypergraphs, called hypergraphons, which exhibit a similar property.

We prove a representation theorem: (hyper)graphon sampling can be encoded within
the framework of generic sampling. We remark that generic sampling in practice can give
rise to non-Sym(N)-invariant measures and so generic sampling is strictly more general
than what arises from (hyper)graphons. This is joint work with Nathanael Ackerman,
Cameron Freer, James Hanson, and Rehana Patel.

32



Eighth Kazakh - French Logical
Colloquium

On De�nable Groups in Omega-Free PAC Fields

Yvon Bossut

ICJ-Université Claude Bernard Lyon1

E-mail: bossut@math.univ-lyon1.fr

Abstract

PAC �elds have long been studied by model theorists. Hrushovsky showed that any

group de�nable in an e-free PAC �eld (for �nite e) is de�nably isogenous to the rational

points of an algebraic group. Chatzidakis and Ramsey also de�ned a measure on de�nable

subsets of an irreducible variety in e-free PAC �elds. Using Hrushovsky's result, they

deduced that groups de�nable in e-free PAC �elds are de�nably amenable. Omega-free

PAC �elds can be obtained as non-principal ultraproducts of e-free PAC �elds; therefore,

groups de�nable in omega-free PAC �elds are also de�nably amenable. A natural question

is whether these groups are also de�nably isogenous to the rational points of an algebraic

group. In this talk, I will present a result that partially answers this question.
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Abstract

Lie rings are algebraic structures that have recently attracted attention in model theory,

following the work of Deloro and Ntsiri. A Lie ring g is an abelian group equipped with

a bilinear map [,] that is antisymmetric and satis�es the Jacobi identity. A natural

question in this context is an analogue of the Algebraicity Conjecture for Lie rings: if g is

a simple Lie ring of �nite Morley rank, then is g de�nably isomorphic to a Lie algebra over

an algebraically closed �eld? Although the conjecture remains open, Deloro and Ntsiri

have classi�ed simple connected Lie rings of Morley rank up to 4. Finite-dimensional

theories, introduced by Frank Wagner, are a generalization of theories of �nite Morley

rank and so provide a broader context in which to study this question. Therefore one

may ask whether the results known for Lie rings of �nite Morley rank extend to �nite-

dimensional Lie rings. While the general case remains unresolved, we show that such

extensions hold for connected �nite-dimensional Lie rings and for NIP �nite dimensional

Lie rings. Speci�cally, a connected Lie ring of dimension 1 is abelian; of dimension 2, it

is solvable; and of dimension 3, it is either isomorphic to sl2(K) for a de�nable �eld K

of dimension 1, or it is �bad.� In the NIP setting, a Lie ring of dimension 1 is virtually

abelian; of dimension 2, virtually solvable; and of dimension 3, virtually connected. In

the latter case, we obtain a full classi�cation using the results established for connected

�nite-dimensional Lie rings.
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Abstract

Pure linear ordering and its classi�cation are one of the classical mathematical ques-
tions. Descriptions of o-minimal and weakly o-minimal pure linear orderings are known,
as well as we know that any pure linear ordering has an o-superstable elementary theory.
The aim of this paper is to start investigation of pure linear ordering that have o-ω-stable
elementary theory. So, we give the complete description of pure linear ordering of Morley
o-rank 1.
De�nition 1 (V. Verbovskiy, 2010)

1. We say that Morley o-rank of a formula ϕ(x) inside a cut ⟨C,D⟩ in M is equal to
or greater than 1 and write o-RM⟨C,D⟩,M(ϕ) ≥ 1 for this, if

{
ϕ(x)

}
∪ ⟨C,D⟩ is

consistent.

2. o-RM⟨C,D⟩,M(ϕ) ≥ α + 1 if there are in�nitely many pairwise ⟨C,D⟩-inconsistent
formulae ψi(x) such that RM⟨C,D⟩,M

(
ϕ(x) ∧ ψi(x)

)
≥ α.

3. If α is a limit ordinal, then o-RM⟨C,D⟩,M(ϕ) ≥ α if o-RM⟨C,D⟩,M(ϕ) ≥ β for all
β < α.

4. o-RM⟨C,D⟩,M(ϕ) = α if o-RM⟨C,D⟩,M(ϕ) ≥ α and o-RM⟨C,D⟩,M(ϕ) ̸≥ α + 1.

5. We de�ne Morley o-rank of a formula ϕ(x) inside M as follows:

o-RMM(ϕ) = sup{o-RM⟨C,D⟩,M(ϕ) : ⟨C,D⟩ is a cut in M}.

6. We de�ne Morley o-rank of a formula ϕ(x) as follows:

o-RM(ϕ) = sup{o-RM⟨C,D⟩,M(ϕ) : M |= T and ⟨C,D⟩ is a cut in M}.

Similarly, we can de�ne the Morley o-degree of a formula inside a cut.
Let F be the set of all �nite linear orderings, and

G = F ∪ {ω, ω∗, ω + ω∗, ω∗ + ω,Q}

Also, let WO be the collection of all ordered sums of the form C1 + · · · + Cm, where Ci

is elementarily equivalent to some member of G for each i ≤ m.
Theorem 1. Any totally ordered structure M, whose elementary theory has Morley

o-rank 1 and Morley o-degree 2, restricted to the signature {=, <} is a member of O1,2,
and conversely, the �rst-order theory of any in�nite member of O1,2 has Morley o-rank 1
and Morley o-degree at most 2.
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Let M be an ordered structure and F (x) a formula. We de�ne the convex hull F c of
F as:

F c(x) = ∃y∃z(F (y) ∧ F (z) ∧ y ≤ x ≤ z)

Let p be a 1-type. We de�ne the convex hull pc of p as the following partial type:

pc(x) = {F c(x) | F (x) ∈ p(x)}

Similarly, we can de�ne Morley c-rank RMpc,M(ϕ(x)) and c-degree, replacing a cut
with a convex type.

Let us de�ne C1,2 as the set of all �nite ordered sums of the form C1 + ...+Cm, where
each Ci is elementarily equivalent to some element of G1,2.

Theorem 2. c-RM(M) = 1 and c-DM(M) ≤ 2 if and only if M ≡ N for some

N ∈ C1,2.
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Abstract

In the present lecture, we study strongly minimal partial orderings in the signature
containing only the symbol of binary relation for a partial order. We use for partial order-
ings such characteristics as the height of a structure that is the supremum of lengths of
ordered chains, and the width of a structure that is the supremum of lengths of antichains,
where an antichain is the set of pairwise incomparable elements. We also di�er trivial
width and non-trivial width. Recently in [1], B.Sh. Kulpeshov, In.I. Pavlyuk and S.V.
Sudoplatov described strongly minimal partial orderings having a �nite non-trivial width.
Here we study strongly minimal partial orderings having an in�nite non-trivial width.

Recall [2] that an in�nite structure M is said to be minimal if for any formula φ(x, a)
of the language of M, with parameters a, either φ(M, a) or ¬φ(M, a) is �nite. A theory
T without �nite models is said to be strongly minimal if any model M |= T is minimal.
Models of a strongly minimal theory are said to be strongly minimal, too.

Recall that a partial order on a set is a binary relation < satisfying:
Asymmetry ∀x∀y[x < y → ¬(y < x)];
Transitivity ∀x∀y∀z[(x < y ∧ y < z) → x < z].
A set equipped with a partial order on it is said to be a partially ordered set or partial

ordering.
Let M = ⟨M,<⟩ be an in�nite partial ordering. Assuming that M is strongly minimal

we have only �nite ≤-chains and the lengths of these chains are bounded, since unbounded
lengths imply existence of structures N ≡ M with in�nite chains {ai | i ∈ Z}, ai < aj
for i < j, that violate the strong minimality by any formula x < ai. Thus, the height
h(M), that is the supremum of lengths of ≤-chains in M, must be �nite for a strongly
minimal structure M. Therefore, further we consider here only in�nite partial orderings
with �nite ≤-chains.

Also, since M is in�nite, it has an in�nite width w(M) that is the supremum of
cardinalities of ≤-antichains.

We say a connected component is trivial if it is a chain. We say a trivial connected
component is an n-component if it is a chain of length n, where 1 ≤ n < ω. We say a
1-component is a singleton.

The value w(M) is witnessed by both trivial connected components and collections of
maximal antichains in non-trivial connected components. Indeed, let M consist of both⊔
i∈I

Ai and
⊔
j∈J

Bj, where each Ai is a trivial connected component, and each Bj is a non-

trivial connected component. Then obviously w(M) = w0(M) + w1(M), where w0(M)
is the width of trivial part

⊔
i∈I

Ai (trivial width) and w1(M) is the width of non-trivial

part
⊔
j∈J

Bj (non-trivial width).

The following theorem describes strongly minimal partial orderings with �nite non-
trivial width:
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Theorem 1. [1] An in�nite partial ordering M = ⟨M,<⟩ with �nite non-trivial width
is strongly minimal i� M has in�nitely many singletons and additionally can have only
�nitely many �nite connected components which are not singletons.

Recall that an element a of a partial ordering M is said to be minimal if there is no
element in M that is less than a. Also, an element a of a partial ordering M is said to be
maximal if there is no element in M that is greater than a. Observe that any singleton
of a partial ordering is both maximal and minimal element of the ordering. Also, any
maximal (minimal) element of a non-trivial connected component of a partial ordering is
not minimal (maximal).
Example 1. Let M = ⟨M,<⟩ be a partial ordering consisting of exactly one in�-

nite non-trivial connected component of height two having exactly one maximal element.
Then, obviously, M contains in�nitely many minimal elements. Then M is a strongly
minimal structure having an in�nite non-trivial width.

We say that an element a of a partial ordering M has up-degree (down-degree) m for
some m ∈ ω if there exist exactly m elements of M being an immediate successor (pre-
decessor) of a. If there are in�nitely many elements of M being an immediate successor
(predecessor) of a then we say a has in�nite up-degree (down-degree). Obviously, a has
both up-degree 0 and down-degree 0 i� a is a singleton.

The following theorem is a criterion for strong minimality of an in�nite partial ordering
of height two having an in�nite non-trivial width.
Theorem 2. Let M = ⟨M,<⟩ be an in�nite partial ordering of height two having an

in�nite non-trivial width. Then M is strongly minimal i� the following holds:
(1) M contains exactly one non-trivial connected component of height two having

both an in�nite set of maximal (minimal) elements and a non-empty �nite set of minimal
(maximal) elements;

(2) If M contains exactly m minimal (maximal) elements of in�nite up-degree (down-
degree) for some 1 ≤ m < ω then almost all maximal (minimal) elements have down-
degree (up-degree) m;

(3) M contains only �nitely many �nite connected components of height at most two.
Recall that a �rst-order theory is said to be totally categorical if it has exactly one

model in each in�nite power.
Corollary 1. Any strongly minimal partial ordering of height two with an in�nite

non-trivial width is totally categorical.
Acknowledgements. The authors were supported by Science Committee of Ministry

of Science and Higher Education of the Republic of Kazakhstan (Grant No. BR20281002).
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Abstract

We study the speci�c subclass of inductive theories in a countable �rst-order lan-
guage L, namely, Jonsson theories [1]. A theory T is called Jonsson, if it has an in�nite
model, is inductive, admits AP and JEP. T.G. Musta�n introduced the notion of semantic
model of a Jonsson theory, which plays a role of the semantic invariant of the theory [2].
A.R. Yeshkeyev proposed a new concept of the semantic invariant for a Jonsson theory,
which is called the Kaiser class:
De�nition. Let T be an L-theory. A class KT of L-structures is called a Kaiser class

of T if
KT = {M |M ∈Mod(T ) and Th∀∃(M) is a Jonsson theory}.

The following de�nition provides an equivalence relation, which allows us to compare
L-theories by their Kaiser classes:
De�nition. Let T1 and T2 be Jonsson L-theories. T1 and T2 are called KT -equivalent

(T1
∼
▷◁ T2), if KT1 = KT2 .
The following de�nition was introduced by A.R. Yeshkeyev.
De�nition. Let T be a Jonsson theory. T is called KT -normal, if for any model

M ∈ KT , CM0 is an existentially closed submodel of CT .
The result of this research is the following criterion of normality of a Jonsson theory.
Theorem 1. Let T be a Jonsson theory. The following conditions are equivalent:

1. T is KT -normal;

2. for any model M of KT , M
0 ▷◁ T ;

3. K0
T is an ∃-complete theory;

4. KT = {M | M is ∀-elementary equivalent to N , where N ∈ ET}, where ET is the
class of all existentially closed models of T ;

5. K0
T = T ∪Σ(T ), where Σ(T ) is a set of all existential L-sentences that are consistent

with T ;

6. T
∼
▷◁ T ∪ Σ(T ), where Σ(T ) is as in (5);

7. for any Jonsson theory T ′ ⊇ T , T and T ′ are cosemantic.

Corollary 2. Any ∃-complete Jonsson theory is KT -normal.

Acknowledgements. This research has been funded by the Science Committee of
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AP23489523)
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Abstract

We work within the framework of studying Jonsson theories [1]. Let T be a Jonsson
L-theory, and CT be a semantic model of the theory T . The center of a Jonsson theory T
is de�ned as the elementary theory of the semantic model of this theory: T ∗ = Th(CT ).

The following de�nition gives us important notion of Jonsson spectrum, the details of
this one can extract from [1].
De�nition 1. [1] Let K be a class of L-structures. The Jonsson spectrum of K,

denoted JSp(K), is de�ned as the set of all theories satisfying the following conditions:
JSp(K)={T |T is a Jonsson theory and ∀A ∈ K,A |= T}.
The following de�nition is an essential generalization of the concept of a Jonsson set.
De�nition 2. [2] A set X is called an almost Jonsson if it satis�es the following

conditions:
1) X is a de�nable subset of CT ;
2) cl(X) = M ∈Mod(T ).
Furthermore, the sets of all ∀∃-sentences in the language that are true in the model M,

denoted by Th∀∃(M) = M0 = Fr(X), and M0 ∈ JSp(CT ), where cl(X) is the de�nable
closure of the set X in the frame of given above pregeometry.

The concept of cl-normality for a Jonsson theory is de�ned for a class of theories
where any fragment of their semantic models, denoted by Fr(X), belongs to the Jonsson
spectrum of the given Jonsson theory's semantic model.

The following de�nition identi�es speci�c subsets within the semantic model of the
given Jonsson theory.
De�nition 3. [2] The Jonsson theory T is said to be cl-normal if, for any X ⊆ CT

such that cl(X) = M ∈ Mod(T ), Fr(X) = M0 ∈ JSp(CT ) and CM0 ⪯∃1 CT , where CM0

is a semantic model of M0.
And now let us de�ne the concept of the Kaiser class of models for the arbitrary of the

Jonsson theory, denoted by KT [3].
KT = {A ∈ModT |Th∀∃(A) is a Jonsson theory}.
It is clear that ET ⊆ KT , where ET denotes the class of existentially closed models of

the theory T .
Next, we can consider the binary relation according to the Kaiser classes of two Jonsson

theories T1 and T2.
De�nition 4. [4] Let T1 and T2 are Jonsson theories. We say that theories T1 and T2

are KT -equivalent, if KT1=KT2 .
The Jonsson sets and almost Jonsson sets generate fragments in the case of cl-normality

of considered Jonsson theory from models of the Kaiser class of this theory, and these frag-
ments semantic models are existentially closed submodels of semantic model of considered
Jonsson theory.
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Let us now turn to the notion of the semantic class of the Jonsson complex.
Let L be a countable �rst-order language, and let T be a cl-normal Jonsson theory

in the language L, and let L0 ⊆ L, where L0 is the set of sentences of language L, with
its semantic model denoted by CT . KT is the Kaiser class of the theory T . N ⊆ KT .
Let N form a quasivariety in the usual sense. Consider the elementary theory Th(N) of
this class N . By adding ∀∃-sentences of language L, denoted as ∀∃(L0) which are not
contained in Th(N), we can de�ne the following set, denoted by JT, which we will call
the Jonsson complex of the class N .
Denotation 1. JT = {∆|∆ = Th(N)∪{φi}, where ∆ is a Jonsson theory, φi denotes

either a formula from ∀∃(L0), or its negation, i ∈ {0, 1}, and Th(N) is elementary theory
of class of quasivariety N .

Every theory ∆ ∈ JT is associated with a semantic model, denoted C∆. We now de�ne
the set all such models:
Denotation 2. CT = {C∆|∆ ∈ JT,C∆ is a semantic model of∆}.
We will call the set CT semantic class of Jonsson complex JT if its elementary theory

Th(CT) is a Jonsson theory.
Now, let us move on to the main results of this abstract.
Let CT be semantic class of Jonsson complex JT. JSp(CT) be its Jonsson spectrum.
Further, on this spectrum, we introduce the following relations:
1) equivalence of Jonsson syntactic and semantic similarity,
2) KT -equivalent, and
3) cosemanticness relations.
It is obvious that all these relations are equivalence relations, so we obtain a factor-set

of the Jonsson spectrum of CT with respect to the introduced relations, which we call
triple factorization and denote as JSp(CT)

/
SS
▷◁
K

. [
...

∆] is an equivalence class of a theory ∆

from JSp(CT)
/
SS
▷◁
K

.

Theorem 1. Let [
...

∆1] and [
...

∆2] be classes of ω-categorical Jonsson theories. Then
their hybrid H([

...

∆1], [
...

∆2]) is also a ω-categorical Jonsson theory.
All de�nitions that were not given in the abstract can be found in [1].
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Abstract

Let K be a class of models of �xed signature σ.
De�nition 1. [1] A set JSp(K) of Jonsson theories of signature σ, where JSp(K) =

{∆ |∆ is a Jonsson theory and K ⊆ Mod(∆)}, is called the Jonsson spectrum for class
K.
De�nition 2. [2] Let T be a Jonsson theory. A class of models KT ⊆ Mod(T ) such

that KT = {A | A ∈ Mod(T ) and Th∀∃(A) is a Jonsson theory } is called a Kaiser class
of the theory T.
De�nition 3. [2] Let T1 and T2 be Jonsson theories of the considered language L. T1

and T2 are called KT -equivalent if KT1 = KT2 .
De�nition 4. [1] Let T1 and T2 be Jonsson theories, CT1 and CT2 be their semantic

models, respectively. T1 and T2 are said to be cosemantic Jonsson theories (denoted by
T1 ▷◁ T2), if CT1 = CT2 .

We can consider the cosemanticness relation on JSp(K) and get a factor-set, denoted
as JSp(K)/▷◁. We introduce the KT -equivalent relation on the factor-set and obtain its
double factorization denoted as JSp(K)/ ▷◁

KT

.

Let T be a cl-normal Jonsson theory [2] in the countable �rst-order language L, L0 ⊂ L,
where L0 is the set of all sentences of language L. Let KT be the Kaiser class of the theory
T and N ⊆ KT . Let N form a quasivariety in the sense of [3]. We consider the elementary
theory Th(N) of such class N , by adding to Th(N) such ∀∃ sentences of language L that
are not contained in the Th(N). We can consider the set of Jonsson theories JT de�ned
as follows.
De�nition 5. A set JT = {∆ | ∆ is a Jonsson theory, ∆ = Th(N) ∪ {φi}}, where

φi ∈ ∀∃(L0) and φ
i /∈ Th(N), i = 0 or i = 1 (i.e. it is a formula or its negation), Th(N)

is an elementary theory of class of quasivariety N , ∀∃(L0) is a set of all ∀∃ sentences of
�rst-order language L.

A set of Jonsson theories JT is called a Jonsson complex of the class N . Let us consider
the set of semantic models of ∆ and denote it as CT.
Denotation 1. A set CT = {C∆ | ∆ ∈ JT,C∆ is a semantic model of ∆}.
We will call the set CT semantic class of Jonsson complex JT if its elementary theory

Th(CT) is a Jonsson theory.
Further we consider �rst-order language L of the signature σ =< f >, where f is a

unary functional symbol and expand it by symbols of new constant c and unary predicate
P 1. Let σ′′ = σ ∪ σ′, where σ =< f >, σ′ = (P 1, c). We consider a theory T ∀ in the new
expanded signature σ′′ as follows: [4] T ∀ = T∀∪Th∀(CT∀ , a)a∈P 1(CT∀ )∪P

1(c)∪{P 1,⊆}∪P 1(c).

Here P 1 is a new unary predicate symbol, {P 1,⊆} is an in�nite set of sentences such that
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in the semantic model CT∀ the predicate P
1 distinguishes existentially closed submodel of

CT∀ , i.e. P
1(CT∀) = M,M ∈ KT∀ , Th∀∃(M) is a Jonsson theory, KT∀ is a Kaiser class of

theory T∀.
We consider a theory T∇ in the new expanded signature σ′′ as follows: [4] T∇ =

T∇ ∪ Th∇(CT∇ , a)a∈P 1(CT∇ )∪P 1(c) ∪ {P 1,⊆} ∪ P 1(c).

Here {P 1,⊆} is an in�nite set of sentences such that in the semantic model CT∇ of T∇:
P 1(CT∇) = M,M ∈ KT∇ , Th∀∃(M) is a Jonsson theory, KT∇ is a a Kaiser class of theory
T∇. We denote the center of T∇ as follows: T

∗
∇ = Th(CT∇)

Denotation 2. A set JT = {∆ | ∆ is a Jonsson primitive of unars, ∆ = Th(N) ∪
{φi}}, where φi ∈ ∀∃(L0) and φi /∈ Th(N), i = 0 or i = 1 (i.e. it is a formula or its
negation), Th(N) is an elementary theory of class of quasivariety of unars N in the new
expanded signature σ′′, ∀∃(L0) is a set of all ∀∃ sentences of �rst-order language L of the
signature σ′′.
De�nition 6. A set CT = {C∆ | ∆ ∈ JT,C∆ is a semantic model of ∆} is called a

semantic class of Jonsson complex JT in a signature σ′′ if its elementary theory Th(CT)
is a Jonsson theory.
De�nition 7. A set JSp(CT) of Jonsson theories of signature σ′′, where JSp(CT) =

{T∇ |T∇ is a Jonsson primitive of unars and CT ⊆Mod(T∇)}, is called the Jonsson spec-
trum for class CT, where CT is a semantic class of Jonsson complex JT in a signature
σ′′.

We introduce the double factorization on the set JSp(CT) and obtain such disjoint

equivalence classes [
..

T∇] ∈ JSp(CT)/ ▷◁
KT

. [
..

T∇] is an equivalence class of Jonsson primitives

of unars in the new expanded signature, containing theories that have coinciding centers,
semantic models and Kaiser classes, as well as the class of models of such theories is equal

to or contains semantic class CT of Jonsson complex JT. Let [
..

T∇]
∗
be the center of [

..

T∇].

Theorem 1. Let [
..

T∇] be a double factorization class as de�ned above, and let [
..

T∇]
∗

be its center. Then, [
..

T∇]∀ = [
..

T∇]
∗

∀.
All unde�ned concepts can be found in [1, 2, 5, 6].
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Abstract

This paper explores Jonsson theories within the framework of model-theoretic logic,
focusing on properties such as J-o-minimality and the presence of the JNIP (Jonsson
Non-Independence Property). Special attention is given to the relationship between JNIP
formulas and VC-dimension, establishing a connection between logical structures and the
concept of Probably Approximately Correct (PAC) learning. The main result shows that
a formula is JNIP if and only if the corresponding family of sets is a VC-class.
De�nition 1. [A.R. Yeshkeyev] Let τ be some given pregeometry in CT with a closure

operator cl : P (CT ) → P (CT ). A Jonsson theory T is called normal in pregeometry τ
(cl-normal), if, for each almost Jonsson subset X ⊆ CT , CFr(X) is an existentially closed
submodel of CT .
De�nition 2.[A.R. Yeshkeyev] Let T be a Jonsson theory. A class KT of L-structures

is called a Kaiser class of T if

KT = {M |M ∈Mod(T ) and Th∀∃(M) is a Jonsson theory}.

Let T perfect normal complete theory for ∃-sentences.
De�nition 3.[A.R. Yeshkeyev] Let T is perfect cl-normal Jonsson theory and ϕ(x, y)

is a some ∃-formula in theory T (with a partition of the free variables). Say that ϕ(x, y)
has the J-independence property (or JIP ) if there are in M ∈ KT theory T (ai)i<ω and
(bs)s⊆ω such that ϕ(ai, bs) holds i� i ∈ s. Say that ϕ is JNIP if not. The theory T is
JNIP if all formulas are JNIP .
De�nition 4.[A.R. Yeshkeyev] Jonsson theory T is J-o-minimal theory if T ∗-o-minimal.
De�nition 5. (Pregeometry in J-o-minimal Theories) [A.R. Yeshkeyev]
Let CT is cemantic model J-o-minimal theory T . A pregeometry is a closure operator

cl : P(Cn
T ) → P(Cn

T ) satisfying the following axioms for all sets A,B ⊆ Cn
T :

1. Extensivity: A ⊆ cl(A)
2. Idempotence: cl(cl(A)) = cl(A)
3. Monotonicity: If A ⊆ B, then cl(A) ⊆ cl(B)
4. Finite character: a ∈ cl(A) ⇒ ∃A0 ⊆ A �nite such that a ∈ cl(A0)
5. Exchange property: If a ∈ cl(A ∪ {b}) \ cl(A), then b ∈ cl(A ∪ {a})
Proposition 1. An element b ∈ cl(A) if there exists a formula φ(x, ā) (with parameters

from A) such that:
1) φ(x, ā) de�nes a �nite set X ∈M,M ∈ KT

2) b ∈ X
Well-known next facts about PAC-learning
De�nition 6. Let X be a set and 𭟋 ⊆ P (X). The pair (X,𭟋) is called a set system.

We say that A ⊆ X is shattered by 𭟋 if for every S ⊆ A there is F ∈ 𭟋 such that
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F
⋂
A = S. A family 𭟋 is said to be a V C-class on X if there is some n < ω such that

no subset of X of size n is shattered by 𭟋. In this case the V C-dimension of 𭟋, denoted
by V C(𭟋), is the smallest integer n such that no subset of X of size n + 1 is shattered
by 𭟋. If no such n exists, we write V C(F ) = ∞.
Theorem 1. The following are equivalent for a hypothesis class H with domain X:
(1) - H has �nite V C dimension.
(2) - H is PAC learnible(PAC stands for Probably Approximately Correct).
Let T perfect normal ∃ complete theory for ∃-sentences.
Corollary 1. If theory T is J-o-minimal theory, then T has a JNIP -formula.
Theorem 2. [Main result] A formula is JNIP i� for some/every M ∈ KT , the family

{ϕ(Mx, a) | a ∈My} is a VC-class.
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AP23489523)
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Abstract

We study Jonsson theories in a countable �rst-order language L.
De�nition 1. [1] A theory T is called Jonsson if the following conditions hold for T :

1. T has at least one in�nite model;
2. T is an inductive theory;
3. T has the amalgam property (AP );
4. T has the joint embedding property (JEP ).
De�nition 2. [2] A set JSp(K) of Jonsson theories of L, where

JSp(K) = {T | T is a Jonsson theory and K ⊆Mod(T )},

is said to be a Jonsson spectrum of K.
De�nition 3. [2] The Jonsson theory is said to be hereditary, if in any of its permissible

enrichment, any expansion of it in this enrichment is a Jonsson theory.
De�nition 4. [2] The Jonsson theory T is said to be perfect if its semantic model C

is saturated.
Let T be a Jonsson theory, SJ(X) be a set of all existential complete n-types over X,

consistent with T , for each �nite n.
De�nition 5. [2]
1) A Jonsson theory T is called J-P -λ-stable if |SJ

P | ≤ λ for any set A of cardinality
≤ λ.

2) A Jonsson theory T is called J-P -stable if T is J-P -λ stable for some λ.
T.G. Musta�n introduced the notions of syntactic and semantic similarity of theories

in the context of studying relationships between complete theories, including those for-
mulated in di�erent languages. To de�ne semantic similarity, he employed the concepts
of a pure triple and isomorphism between pure triples.

Building on this framework, A.R. Yeshkeyev later extended these ideas to Jonsson
theories, which, in general, are not complete. In particular, he de�ned the notions of
Jonsson syntactic similarity and Jonsson semantic similarity for such theories.

In this work, we focus on special classes of Jonsson theories for which these two simi-

larity relations coincide. We denote this equivalence by T1
SS
▷◁ T2.

De�nition 6. [2] Let T1 and T2 are Jonsson theories. We will say that T1 and T2 are
J-syntactically similar if there is an bijection f : E(T1) → E(T2) such that
1. the restriction of f to En(T1) is an isomorphism of the lattices En(T1) and En(T2), n <
ω,
2. f(∃vn+1φ) = ∃φn+1f(φ), φ ∈ ∃n+1(T ), n < ω,
3. f(v1 = v2) = (v1 = v2)
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De�nition 7. [2] A pure triple ⟨CT , AutCT , SubCT ⟩ is called J-semantic triple, where
CT is semantic model of T , AutCT is a group of automorphisms of CT , SubCT is the class
of all subsets of carriers CT , which are carriers the corresponding submodels of CT .
De�nition 8. [2] Two Jonson theories T1 and T2 are called J-semantically similar if

their J semantic triples are isomorphic as pure triples.
De�nition 9. [3] Let T be a Jonsson L-theory and f(x̄, ȳ) be an ∃-formula of L.
1) If for any arbitrary large n there exists ā1, ..., ān in some existentially closed model

of T , and ā1, ..., ān satis�es ¬(∃x) ∧∧k≤nf(x̄, āk), and for any l ≤ n ¬(∃x) ∧∧k≤n,k ̸=lf(x̄,āk),
then f(x̄, ȳ) is said to have e.f.c.p. (existentially �nite cover property).

2) A Jonsson theory T has the existentially �nite cover property if there exists a formula
f(x̄, ȳ) that has the existentially �nite cover property.
De�nition 10. [4] Let T be a Jonsson theory, CT be its semantic model, X ⊆ CT . X

is called an almost Jonsson set, if the following conditions are hold:
(1) X is an ∃-de�nable set;
(2) cl(X) =M ∈Mod(T );
(3) Th∀∃(M) is a Jonsson theory, where Th∀∃(M) is a set of all universal-existential
sentences of the language L that are true in the model M .
De�nition 11. [4] A Jonsson theory T is called a normal theory if for any almost

Jonsson set X ⊆ CT : CFr(X) ∈ Mod(T ) and CFr(X) is existentially closed submodel of
CT , where CFr(X) is a semantic model of Fr(X).
Theorem 1. Let T be an ∃-complete normal Jonsson theory. Let JSp(K)

/▷◁,
SS
▷◁

is

a factor-set of the Jonsson spectrum of K, [∆] ∈ JSp(K)
/▷◁,

SS
▷◁
, [∆]∗ is a center of [∆],

T1, T2 ∈ [∆], T1
S
⋊ T2. If [∆]∗ is λ-stable, then [∆] is perfect.

Theorem 2. Let T be an ∃-complete, normal, hereditary Jonsson theory. Let
JSp(K)

/▷◁,
SS
▷◁

is a factor-set of the Jonsson spectrum of K, [∆] ∈ JSp(K)
/▷◁,

SS
▷◁
, ¯[∆] =

[∆] ∪ {P,⊆}, ¯[∆]
∗
is a center of ∆̄. If the class [∆̄]

∗ does not have the existential �nite
cover property (e.f.c.p.) and is a P -λ-stable class, then the class [∆̄]

∗ is J-P -λ-stable and
also does not have the existential �nite cover property (e.f.c.p.).
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Abstract

This work is devoted to the model-theoretic analysis of pseudo�nite abelian groups,
with a particular focus on conditions for universal equivalence. A vector of invariants is
introduced, where the �rst coordinate corresponds to the fourth classical invariant, and
the subsequent components represent the third invariants computed at various levels of a
�xed �ltration. It is proved that two pseudo�nite abelian groups are universally equivalent
if all the entries of this vector (excluding the �rst) are in�nite.
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Abstract

This work concerns unars, i.e., models of a theory with a single unary function. In [1],
it was shown that every bounded theory of unars is pseudo�nite; moreover, countably cat-
egorical unars are smoothly approximable. Various types of approximations and strongly
minimal unars were also studied. In the present work, we investigate the pseudo�niteness
of unars that are uncountably categorical.
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Abstract

In 2002, D.R. Hirschfeldt, B. Khoussainov, R.A. Shore, and A.M. Slinko [1] proposed
an approach for constructing examples of structures with given computability-theoretic
properties starting from well-known structures with such properties. In particular, for a
given class of structures, the concept of completeness (with respect to degree spectra of
nontrivial structures, e�ective dimensions, expansion by constants, and degree spectra of
relations) was introduced. Classes of structures that have such completeness property are
called HKSS�complete.

It is known that the class of Boolean algebras is not HKSS�complete: S. S. Goncharov
and V.D. Dzgoev [2] proved that the computable dimension of a computable Boolean
algebra B is either 1 or ∞, which is not true for an HKSS�complete class. In 2012,
B. Khoussainov and T. Kowalski [3] started systematic investigations of the following
problem: how does expanding the language of Boolean algebras a�ect their computability-
theoretic properties?

We will present a result on the HKSS�completeness of the class of Boolean algebras
with three distinguished subalgebras and distinguished set of atoms.
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Abstract

Denote by Σ̃−1
n (Π̃−1

n ) the set of all equivalences from the class Σ−1
n (relatively Π−1

n ) of
the Ershov hierarchy, [1]. Here and furthermore we identify the pairs of numbers with
their Cantor index. Elements of the class Σ̃−1

1 are well-known in literature as computably
enumerable equivalence relations (ceers) and are intensively studied in the last two decades
with respect to the following reduction.
De�nition 1. For a given equivalences P and Q on ω, we will say that P is computably

reducible to Q and write P ⩽c Q if there is a computable function f such that, for all x, y,

P ⩽c Q ⇐⇒ xPy ↔ f(x)Qf(y).

We call an equivalence Q universal in a class K of equivalences if Q ∈ K and P ⩽c Q for
every P ∈ K.
De�nition 2. (Bazhenov& Kalmurzaev, [2]) Let X ∈ Σ−1

n , de�ne the operator

M(X) = {(x, x)|x ∈ N} ∪ {(2x, 2x+ 1), (2x+ 1, 2x)|x ∈ X}
Proposition 1. X ∈ Σ−1

n (Π−1
n ) ↔M(X) ∈ Σ̃−1

n (Π̃−1
n ).

There is a well-known result from [1] "Theorem of hierarchy". By the above Proposition
we are able to formulate and prove the following
Proposition 2. For any n > 0, there exists a m-universal equivalence relation Rn ∈

(Σ̃−1
n+1 ∩ Π̃−1

n+1).
Proposition 3. For every n > 0 the following statements are true:

1. Σ̃−1
n ⊂ Σ̃−1

n+1, Π̃
−1
n ⊂ Π̃−1

n+1,

2. Σ̃−1
n ∪ Π̃−1

n ⊂ Σ̃−1
n+1 ∩ Π̃−1

n+1,

3. Σ̃−1
n \ Π̃−1

n ̸= ∅ , Π̃−1
n \ Σ̃−1

n ̸= ∅.
Universal objects play signi�cant role in the study of many �elds of the computability

theory. We refer to the survey [3] for a history and deep achievements in the study
universal ceers. In [4] it was shown that for any n > 1, there exists an universal equivalence
relation in Σ̃−1

n . In [2], this result was extended for all ordinal notations a and for Π̃−1
a

equivalences. The latter was shown by means of direct construction. We suggest to use
categorial approach to prove the existence of universal equivalences in Π̃−1

n . The same
approach is applicable to Π̃−1

a for arbitrary ordinal notation a.
Our approach use the following simple observation.
Proposition 4. Every Σ−1

n -computable numbering of Σ̃−1
n induces universal equiv-

alence relation in Σ̃−1
n and every Π−1

n -computable numbering of Π̃−1
n induces universal

equivalence relation in Π̃−1
n .

We consider a subcategory KΣ of the category of numbered sets, introduced by Ershov,
[5]:
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1. Ob(KΣ) = {(S, ν) : S ⊆ Σ−1
n & ν is Σ−1

n -computable numbering of S}

2. LetS0,S1 ∈ Ob(KΣ), then mapping µ : S0 → S1 is called morphism (µ ∈Mor(S0,S1))
if there is a computable function f(x) s.t. following diagram commutes:

ω ω

S0 S1

ν0

f

ν1

µ

In the similar fashion we de�ne category KΠ, where objects are tuples (S, ν), but S ⊆ Π−1
n

and ν is computable numbering of S. Morphisms are de�ned analogous way as in KΣ.
Proposition 5. Σ̃−1

n is an n-subset of the numbered set (Σ−1
n , α), where α is a

principal numbering.
This statement indeed has been proved in [2], Proposition 2.1.
Proposition 6. Categories KΣ and KΠ are isomorphic.
Corollary 1. There exists a principal numbering of Π−1

n .
Yu.L. Ershov noticed that the family of positive equivalences is r-subset of the family

of all c.e. sets under standard numbering, [6]. It might be generalized to common case.
Corollary 2. Π̃−1

n is an n-subset of the numbered set (Π−1
n , α), where α is a principal

numbering.
Corollary 3. There exists a principal numbering α̃ of Π̃−1

n .
Corollary 4. There is a universal equivalence relation in Π̃−1

n , [2].
Acknowledgements. The work was supported by the Science Committee of the Min-

istry of Education and Science of the Republic of Kazakhstan (Grant No.AP08856834).
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Abstract

De�nition. Let G�n(λ), for an arbitrary cardinality λ, be a class of all in�nite acyclic
graphs consisting of λ connected components whose aggregate diameters are bounded.

The graphs in G�n(1) are trees with a single connected component and in�nitely many
hanging vertices. More generally, graphs in G�n(λ) may contain both �nite and in�nite
components, as long as their diameters remain uniformly bounded.

Let Γ =< V ;R > is a graph. We de�ne
D(Γ) = {n > 1 | ∃v (deg v = n)} =

= {n > 1 | ∃v (∃u1, . . . , un)
[ n∧
i=1

R(v;ui)∧
∧

1≤i<j≤n

ui ̸= uj∧ (∀w)
n∧

i=1

(
ui ̸= w → ¬R(v, w)

)]
.

Theorem 1. For any in�nite set A ⊆ N \ {0, 1}, there exists graph ΓA ∈ G�n(ω) such
that D(ΓA) = A.

Proof. Let A be a set. For each n ∈ A, let Sn be a star graph with a central vertex v
deg(v) = n. Then Γ = ⨿n∈ASn, it is known that diameter of each Sn equals 2.
Theorem 2. There exist pseudo�nite graphs from the class Gfin(ω) that do not have

computable copies (non-constructivizable).
Proof. By Theorem 4 [2], the theory T of any acyclic graph Γ belonging to the class

Gfin(λ)is pseudo�nite. That is, every graph in this class is pseudo�nite.
Lemma. If the graph Γ is computable, i.e., has a constructive numeration of domain

V of Γ, then D(Γ)∈
∑0

2 .
Proof. Let Γ is computable, i.e., there exists numeration ν : N →< V ;R >. We have

n ∈ D(Γ), if and only if n > 1 ∧ (∃v) (∃u1, . . . , un)
[∧n

i=1R(v;ui) ∧
∧

1≤i<j≤n ui ̸= uj ∧
(∀w)

∧n
i=1

(
ui ̸= w → ¬R(v, w)

)]
. Equivalently, when considering the numbers of elements

from V , n ∈ D(Γ) ⇔ n > 1 ∧ (∃k) (∃r1, . . . , rn)
[∧n

i=1R(νk; νri) ∧
∧

1≤i<j≤n νki ̸= νkj ∧
(∀s)

∧n
i=1

(
νki ̸= νs→ ¬R(νk, νs)

)]
We recall that ν : N →< v;R > is constructivization.

This means that there are recursive predicates TR and T= : (∀m, s ∈ N)[(R(νm, νs) ⇔
TR(m, s)) and (νm = νs⇔ T=(m, s))]
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Abstract

In 2003, Shestakov-Umirbayev proved that Nagata automorphisms[1] are wild[2]. In
2022, Kerimbayev showed that Nagata automorphisms are algebraic. Using this result,
we give another proof of Shestakov-Umirbaev theorem[3]. In 2024, Kerimbayev showed
in his work that elementary automorphisms are quadratic. Then, together with Yuan,
Kerimbayev showed that the superposition of elementary automorphisms is cubic, which is
even algebraic to a higher degree. At the same time, the superposition of two elementary
automorphisms may not be algebraic. In this work, we prove the following theorem
Theorem. The superposition of three elementary automorphisms is algebraic of

degree two and degree four is not algebraic.
Remark. Nagata automorphism is not a superposition of three elementary automor-

phisms.
Acknowledgements. This study was funded by the Science Committee of the Min-

istry of Education and Science of the Republic of Kazakhstan as part of the grant project
No. AP19679799 "Development of a modi�ed methodology for assessing spatial growth
factors and overcoming di�erences between regions".
The second author is supported by Chinese Governmental scholarship (China-Kazakhstan
intergovernmental agreement).
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Abstract

On the way to solving the famous Jacobian problem [1], it is very important to study
the algebraic polynomials of Keller polynomials that determine this representation. In
the 2020s, Kerimbayev R. K. showed that for Keller polynomials of two varieties, their
algebraic polynomial is a �nite set [2]. At the same time, this author also showed in 2017
that a two-dimensional surface de�ned in four-dimensional Euclidean space according to
Keller's representation does not have a tangent plane parallel to the coordinate plane
[3]. In this work, we show that for a four-dimensional Euclidean space, considering a 16-
dimensional Grossman space, the algebraic polynomial of two varieties Keller polynomials
consists of only one point.
THEOREM. Let f (x, y) , g (x, y)∈R [x, y] for polynomials of

f (0, 0) = g (0, 0) = 0 and fxgy − fygx = 1

fx, fy, gx, gy− mutually independent partial derivatives.
Then V (f, g) = {(x, y)∈R2 |f (x, y) = 0 = g(x, y)} the algebraic polynomial of the

polynomials f and g consists of only one (0; 0) point, that is

{V (f, g)} = {(0; 0)}

PROOF

Ω = R⊕R4⊕ (R4 ∧ R4)⊕ (R4 ∧ R4 ∧ R4)⊕(R4 ∧ R4 ∧ R4 ∧ R4)- We consider
a Grossman space of 16 dimensions. For point (a, b)∈R2 let be f (a, b) = g (a, b) = 0
(a, b) ̸=(0; 0). Then in Space R4, the radius Vector r (t) = (at , bt , f (at , bt) , g(at , bt)) gives
a line connecting the point (0;0;0;0) and the point (a;b;0;0), where t∈ [0; 1] corresponds
to the segment. In short, we denote f (t) = f (at , bt) , g (t) = g (at , bt) .

Then f ′ (t) = fx (at , bt) a+fy (at , bt) b, g (t) = gx (at , bt) a+gy(at , bt)b. We get r ′ (t) =
(a, b, f ′ (t) , g ′(t)).

If we get f (t) , g(t)∈R [t], then

[f (t) , g(t)] = f ′ (t) g (t)− f (t) g′(t)

by the commutator (R [t] , [·, ·]),The system becomesa Lie algebra.

r (t) ∧ r ′ (t) = (ae1 + be2) ∧ ([f, t] e3 + [g, t] e4) + [g (t) , f(t)] e3 ∧ e4
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Considering that, we get equality

r (1) ∧ r (t) ∧ r ′ (t) = [g (t) , f (t)] (ae1 + be2) ∧ e3 ∧ e4
Then

|r (1) ∧ r (t) ∧ r′ (t)| =
√
a2 + b2 | [g (t) , f (t)] |

Additionally,

|r (1) ∧ r (t) ∧ r ′ (t)| = |r (1)| · |r (t) ∧ r ′ (t)| =
√
a2 + b2 |r (t) ∧ r ′ (t) |

So, |r (t) ∧ r ′ (t)| = | [g (t) , f (t)] |. When t = 1, from this, we can see that.
|r (t) ∧ r ′ (t)| = 0. That is, r(1) is parallel to r ′(1). This is a contradiction.

So a = 0 and b = 0. The theorem is proved.
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The Jacobian is a mapping that corresponds to the polynomials f1, f2, . . . , fn∈R [x1, . . . , xn] =
K, the determinant of the matrix of their independent derivatives, and is polylinearly
and skew-symmetrically dependent on these polynomials. Then we are given the map-
ping J : K ∧ . . . ∧K → K. We take for this mapping J (f1 ∧ . . . ∧ fn + g1 ∧ . . . ∧ gn) =
J (f1 ∧ . . . ∧ fn) + J(g1 ∧ . . . ∧ gn) and continue this mapping for the addition operation.
Di�erential mappings are de�ned for the spaces ∧nK andK. In particular, for the algebra
K, a general Lie algebra of the formWn = Der (K)− Cartan is given. The Lie algebraWn

has a special sub-Lie algebra of the Cartan type Sn = {D∈Wn| div (D) = 0}. It is worth
noting that Wn and Sn are simple Lie algebras. For the di�erential D∈Wn, D : K → K,
we de�ne the di�erential D̃ : ∧nK → ∧nK. It is given by the following formula:

D̃ (f1 ∧ . . . ∧ fn) = D (f1) ∧ . . . ∧ fn + . . . + f1 ∧ . . . ∧D(fn)

Our goal is to �nd the relationship between the mappings J,D, D̃ and div. The following
theorem holds.

THEOREM [1]
For the mappings J, D̃ : ∧nK → ∧nK,D : K → K and div : Wn → K, the following

formula is true:

J◦D̃ = D◦J + div(D)◦J

COROLLARY [1]
In the case of D∈Sn

J◦D̃ = D◦J
the formula surely.

The above theorem shows that in general the Jacobian does not have the modular
property. And if we take a di�erentiation with zero divergence, then by consequence we
see that the Jacobian has the modular property. That is, the set of elements f1, . . . , fn
consisting of polynomials f1 ∧ f2 ∧ . . . ∧ fn whose Jacobian is constant is an inner module
of the module ∧nK. This inner module also contains the kernel kerJ of the mapping J .
Therefore, for a special Lie algebra Sn, the set of elements f1 ∧ f2 ∧ . . . ∧ fn of Jacobian
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constant polynomials gives a separate inner module. And this module also contains el-
ements consisting of polynomials forming an automorphism. The one-dimensional space
R is invariant for the di�erential D : K → K. The inner space is Then for Lie alge-
bras Wn or Sn, the space R has an irreducible inner module: R = ker (D) ,∀D∈Wn.
Consider the elements f1 ∧ . . . ∧ fn and g1 ∧ . . . ∧ gn. In a module ∧nK, for elements
f1∧ . . . ∧fn and g1∧ . . . ∧gn, we say that these two elements are equivalent to each other if
J (f1 ∧ . . . ∧ fn)− J(g1 ∧ . . . ∧ gn)∈R. This relation indeed gives an equivalence relation.
Thus, for a module ∧nK, we obtain the partition ∧nK = A0∪A1∪ . . .∪An∪ . . . , where
Ai = {f1 ∧ f2 ∧ . . . ∧ fn} J (f1 ∧ f2 ∧ . . . ∧ fn)- is a polynomial of degree i. Here A0 is
the set of elements f1 ∧ f2 ∧ . . . ∧ fn whose Jacobian is constant. By implication, it is an
inner module. It is homomorphic to the irreducible Sn-module R. This homomorphism
is a superposition homomorphism. The module A0 has an inner module consisting of
elements f1 ∧ f2 ∧ . . . ∧ fn whose Jacobian is zero. Then the factor-module A0/A − ∞
is isomorphic to the irreducible Sn-module R. The module A − ∞ is a vertical sum of
the module A0. Thus, the module A0 has an inner irreducible module bijective to the set
R-{0}. Thus, the elements f1∧f2∧. . . ∧fn whose Jacobian is nonzero give automorphisms
of the ring K.
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In 1969, Strassen devised his famous algorithm for two by two matrix algebra. The
standard multiplication operation for two by two matrices requires eight multiplications
of variables. However, Strassen's algorithm reduces this by one, requiring only seven
multiplications. If we decompose the group algebra into ideals, we obtain three ideals. One
of these ideals is isomorphic to the two by two matrix algebra. Using the Alder�Strassen
theorem [2], we can conclude that the complexity of the two by two matrix algebra cannot
be less than seven. Combined with Strassen's algorithm, this shows that the complexity
of the two by two matrix algebra is exactly seven. A similar result can be obtained for
three by three matrices. It is generally conjectured that the complexity of three by three
matrices is equal to nineteen. In this work, by decomposing the group algebra, we show
that it has three ideals, one of which is isomorphic to the three by three matrix algebra.

According to the Alder�Strassen theorem, the complexity of the algebra is at least 21.
From this result, it immediately follows that the complexity of the three by three matrix
algebra is not less than seventeen. However, the structural matrices of the three by
three matrix algebra are of order nine, and their linear combinations form block-diagonal
matrices corresponding to three by three matrices. If the complexity of the algebra is less
than 23, then the rank of the linear combinations of its structural matrices would be less
than 22. The ideals of the algebra RA4 are isomorphic to the algebras R, C, and M3(R).
From this, it follows that the blocks corresponding to R and C have full rank, while the
block corresponding to M3(R) must have rank less than 9. Therefore, this block has a
maximum rank of 6. Consequently, six rank-one matrices are su�cient for this block.
Therefore, six rank-one matrices are su�cient for this block. As a result, 1+2+6+11=20
rank-one matrices would be enough to compute the product in the algebra. However, this
contradicts the Alder�Strassen theorem. Hence, the complexity of the algebra is not less
than 23. It follows that the complexity of the algebra M3(R) is not less than 19. Thus,
we have proven the following theorem.

Theorem

The complexity of the 3× 3 matrix algebra is not less than nineteen, that is,

L(M3(R)) ≥ 19.
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Abstract

It is well known [1, 2, 3, 4] that all automorphisms of the polynomial algebra K[x1, x2]
and the free associative algebra K⟨x1, x2⟩ of rank two over an arbitrary �eld K are tame.
P. Cohn [5] proved that all automorphisms of �nitely generated free Lie algebras over
an arbitrary �eld are tame. J. Lewin [6] extended this result to homogeneous Schreier
varieties of algebras. Recall that varieties of all nonassociative algebras [7], commutative
and anti-commutative algebras [8], Lie algebras [9, 10], and Lie superalgebras [11, 12] are
Schreier. Therefor, all automorphisms of �nitely generated free nonassociative algebras
over an arbitrary �eld are tame.

R. Mutalip, A. Naurazbekova and U. Umirbaev [13] described the automorphism
groups of free braided associative algebras in two variables (K⟨x1, x2⟩, τ) with a diag-
onal involutive braidings over an arbitrary �eld of characteristic ̸= 2. We obtain the
similar result for free braided nonassociative algebras.
Acknowledgements. This work was supported by the grant of the Ministry of

Science and Higher Education of the Republic of Kazakhstan (project AP23487886).
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Abstract

In this paper, we propose a new cryptographic protocol for a veri�ably encrypted
signature with possibility of veri�cation after a speci�ed time based on the post-quantum
cryptographic algorithm for a hash-based digital signature, TANBA-SPHINCS+.

The protocol describes the interaction of three participants. The �rst participant is
the sender of the signed message (hereinafter referred to as the Sender). The second
participant is the recipient of the message who veri�es the signature (hereinafter referred
to as the Receiver). The third participant is an adjudicator with the ability to encrypt
for a speci�ed time (hereinafter referred to as the Adjudicator). The protocol is designed
to solve the following problem. Let M be a message. At some point in time T , the
Sender wants to send the Receiver a signed message M so that the Receiver can verify
the signature no earlier than a future point in time T + δ speci�ed by the Sender.

Step-by-step description of the protocol.
The formation of a key pair and signature (steps 1 and 2) correspond to the TANBA-

SPHINCS+ post-quantum signature algorithm.
1) The Sender, using some cryptographically strong pseudorandom number generator,

obtains the private key sk = skseed ∥ skprf ∥ pkseed ∥ pkroot and the public key pk =
pkseed ∥ pkroot.

2) Then the Sender forms a signature σ = R ∥ σFORS ∥ σHT , where

R = PRFmsg(skprf , opt,M)

is an n-bit randomization string, PRFmsg : {0, 1}n × {0, 1}n × {0, 1}∗ → {0, 1}n is a
pseudorandom function, opt is some additional random n-bit value, σFORS is the FORS
signature, and σHT is the hypertree signature de�ned using R.

3) Next, the Sender requests the Adjudicator for the Adjudicator's public key apk,
indicating the time T + δ.

4) Upon receiving the request, the Adjudicator generates the public key apk according
to the ECTLC cryptographic protocol and sends it to the Sender.

5) Upon receiving the Adjudicator's public key apk, the Sender generates an encrypted
signature σves = Eapk(R) ∥ σFORS ∥ σHT , where Eapk(R) is the value R from the original
signature encrypted with theAdjudicator's public key according to the ECTLC crypto-
graphic protocol.

6) The Sender sends message M with the encrypted signature σves to the Recipient.
7) Upon receiving message M with encrypted signature σves, the Recipient requests

the Adjudicator to provide the Adjudicator's private key ask.
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8) Upon receiving the request, the Adjudicator checks the time. If the current time has
already reached time T + δ, the Adjudicator generates the private key ask according to
the cryptographic protocol ECTLC and sends it to the Recipient. If the current time has
not yet reached time T + δ, the Adjudicator rejects the request and sends the Recipient
a message that signature veri�cation is not available until the speci�ed time.

9) Upon receiving a refusal from the Adjudicator, the Recipient waits for the speci�ed
time, upon reaching which it resends the request to the Adjudicator. Having received
the Adjudicator's private key ask, the Recipient calculates R = Dask(Eapk(R)) - the
original value R decrypted using the Adjudicator's private key from the original signature
according to the ECTLC cryptographic protocol.

10) Having decrypted the original value R, the Recipient veri�es the received signature
σ = R ∥ σFORS ∥ σHT according to the TANBA-SPHINCS+ post-quantum signature
algorithm.
Acknowledgments. This research was funded by the Ministry of Science and Higher
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Abstract

A commutative ring that is a K-algebra over Q, and K[x] is the ring of polynomials in
one variable. For a polynomial f(x) ∈ K[x], if there exists a polynomial g(x) such that
f(x) · g(x) = 1, then f(x)−1 is called the inverse of the polynomial f(x) in the ring K[x],
and is given by the polynomial g(x).

Proposition

For the polynomial f(x) to be invertible in the ring K[x], its constant coe�cient must be
invertible in the ring K, and the remaining coe�cients must be nilpotent in the ring K.
This is both a necessary and su�cient condition.

The proof of the theorem is given in the book by Atiyah-Macdonald [1].
If for a polynomial f(x), there exists a polynomial h(x) such that

f(h(x)) = x = h(f(x)),

then the polynomial f(x) is said to be invertible by composition. We denote the inverse
as f−1(x) = h(x).

Theorem

For a polynomial f(x) ∈ K[x] to be invertible by composition, its derivative f
′
(x) must

be invertible in the ring K[x]. This is both a necessary and su�cient condition.

Proposition

Let the polynomial f(x) = x+ axn ∈ K[x], where am = 0. Then

f−1(x) = x− axn +
n

1

(
2n− 1

0

)
a2x2n−1 − n

2

(
3n− 1

1

)
a3x3n−2

+
n

3

(
4n− 1

2

)
a4x4n−3 + (−1)i

n

i− 1

(
in− 1

i− 2

)
aixin−i+1 + · · · (5)

+ (−1)m−1 n

m− 2

(
(m− 1)n− 1

m− 3

)
am−1x(m−1)(n−1)+1

The proof of the theorem and the sentence is provided in the work [2]
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Cryptosystem

We hide m and f−1(x) where for which am = 0 and expand the function f(x) = x +
axn.The polynomial f(x) is distributed as the public key. All symbols are numbered with
elements from the ring Zam . Thus, we encrypt the given word by assigning corresponding
numbers to it. This is done using the polynomial f−1(x). The resulting numbers are then
replaced back with letters. As a result, we obtain an encrypted word, which is sent to the
receiver. The receiver decrypts the numbers of the letters using the polynomial f(x), and
then replaces the numbers with the corresponding letters, thereby determining the sent
word.

This research was funded by the Science Committee of the Ministry of Education and
Science of the Republic of Kazakhstan within the framework of the grant project No.
AP19679799.
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Abstract

In this article, the Rijndael algorithm is tested for compliance with general crypto-
graphic requirements and mathematical models are built on di�erent bases for each map-
ping in the algorithm. Algebraic cryptanalysis of the Advanced Encryption Standard
(AES) cryptographic algorithm was carried out based on these established mathematical
models. Based on optimized mathematical models, a reduction of new variables in alge-
braic cryptanalysis was achieved, which made it possible to bring algebraic cryptanalysis
to the 6th round. At the same time, we analyzed the algebraic nonlinearity after each
round and the number of elementary conjunctions in the equation based on the functions
representing each mapping, leading it to a system of equations and speci�ed in di�er-
ent bases. Methods for reducing the number of elementary conjunctions and e�ectively
solving systems of Boolean equations by introducing negation into nonlinear algebraic
normal forms are considered. Therefore, this article has developed: optimized mathemat-
ical models of modern symmetric encryption algorithms based on algebraic cryptanalysis
methods; logical methods for assessing general cryptographic requirements based on cre-
ated mathematical models of modern symmetric encryption algorithms; algorithms for
creating and solving systems of Boolean equations on various bases based on mathemat-
ical models of modern symmetric encryption algorithms and assessing their complexity;
criteria and algorithms for reducing mappings in the AES symmetric block encryption
algorithm to functions on di�erent bases. The article also formulates and discusses in
detail such tasks as conducting algebraic cryptanalysis based on the developed optimized
mathematical models.
Theorem 1. [2] The value of the dependence of each bit of the linear mapping Mix-

Columns on the values of the input bits is equal to the values 5, 5, 5, 7, 7, 5, 7, 5, 5, 5,
5, 7, 7, 5, 7, 5, 5, 5, 5, 7, 7, 5, 7, 5, 5, 5, 5, 7, 7, 5, 7, 5, 5, 5, 5, 7, 7, 5, 7, 5. , 5 , 5,
5, 7, 7, 5, 7, 5, 5, 5, 5, 7, 7, 5, 7, 5, 5, 5, 5, 7, 7, 5, 7, 5, 5 , 5 , 5, 7, 7, 5, 7, 5, 5, 5, 5,
7, 7, 5, 7, 5, 5, 5, 5, 7, 7, 5, 7, 5, 5, 5 , 5 , 7, 7, 5, 7, 5, 5, 5, 5, 7, 7, 5, 7, 5, 5, 5, 5, 7,
7, 5, 7, 5, 5, 5, 5 , 7 , 7, 5, 7, 5, 5, 5, 5, 7, 7, 5, 7, 5.
Theorem 2. [2] The dependence of each bit included in the linear transformation

MixColumns on the values of the output bits is equal to the values 11, 5, 5, 5, 5, 5, 5, 5,
11, 5, 5, 5, 5, 5, 5 , 5, 11, 5, 5, 5, 5, 5, 5, 5, 11, 5, 5, 5, 5, 5, 5, 5, 11, 5, 5, 5, 5, 5, 5,
5 , 11, 5, 5, 5, 5, 5, 5, 5, 11, 5, 5, 5, 5, 5, 5, 5, 11, 5, 5, 5, 5, 5, 5, 5, 11 , 5, 5, 5, 5, 5,
5, 5, 11, 5, 5, 5, 5, 5, 5, 5, 11, 5, 5, 5, 5, 5, 5, 5, 11, 5 , 5, 5, 5, 5, 5, 5, 11, 5, 5, 5, 5,
5, 5, 5, 11, 5, 5, 5, 5, 5, 5, 5, 11, 5, 5 , 5, 5, 5, 5, 5, 11, 5, 5, 5, 5, 5, 5, 5.
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Conclusions. Based on the generalized Zhegalkin polynomial and generalized and
grouped Zhegalkin polynomial models, the article presents the results of algebraic crypt-
analysis based on the evaluation of the encryption algorithms of the modern AES sym-
metric encryption algorithm for compliance with general cryptographic requirements, etc.
According to the analysis, the AES encryption algorithm with a number of rounds of 6
and above turns out to be practically resistant to the method of algebraic cryptanalysis.
Therefore, in the article: Mathematical models optimized for mappings to the AES sym-
metric encryption algorithm are developed and an assessment of general cryptographic
requirements is presented. MixColums' study of the AES encryption algorithm presents
and proves two statements about bit dependency. Methods and algorithms for optimizing
statements of Boolean equations in the form of the Zhegalkin polynomial have been de-
veloped. The stages of solving systems of Boolean equations in the form of the Zhegalkin
polynomial are given. Software was created that calculates the general cryptographic
parameters of mappings in the AES-128 standard and three di�erent models were built,
optimized using the software.
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Abstract

BAN logic (Burrows-Abadi-Needham logic)[1] is a powerful formal framework for rea-
soning about security, authenticity, and trust within cryptographic protocols. In the
realm of elliptic curve cryptography (ECC)-particularly protocols based on X25519 (Di�e-
Hellman over Curve25519), Ed25519 (digital signatures), and hybrid constructions such
as X3DH used in the Signal Protocol-BAN logic o�ers a structured method for:

i) Formalizing participants beliefs about key authenticity and freshness;
ii) Identifying implicit assumptions of security, such as trust in public key distribution

mechanisms;
iii) Proving that each protocol step conveys su�cient guarantees for con�dentiality,

authenticity, and integrity;
iv) Detecting potential vulnerabilities such as man-in-the-middle attacks, replay at-

tacks, or key compromise scenarios.
BAN logic is especially relevant for analyzing modern cryptographic schemes that rely

on dynamic key generation, such as the Double Ratchet algorithm or OPAQUE, where
symmetric and elliptic curve primitives are combined. Thus, BAN logic serves not only as
a veri�cation tool but also as an essential methodological component in the secure design
and analysis of ECC-based communication protocols.
Acknowledgements. The study was partially supported by the Scienti�c Committee

for Education and Science of the Republic of Kazakhstan (AP19677451)
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Abstract

Over the past three decades, the incorporation of machine learning (ML) into crypto-
graphic research and practice has changed, demonstrating a dynamic interaction between
algorithmic development, theoretical investigation, and practical application. Four signif-
icant periods are covered in this thesis: the formative years (1995�2000), the development
of neural cryptography (2000�2010), the growth of adversarial and privacy-preserving ap-
plications (2010�2020), and the present deep cryptanalytic innovation phase (2020�2025).

1995�2000 � Laying the Theoretical Groundwork When machine learning was still
in its early stages in the late 1990s, research focused on compact rule-based models,
interpretability, and generalization under noise. Important theoretical developments that
would later facilitate ML's integration into cryptographic contexts surfaced, even though
cryptographic systems functioned independently of ML at this point.

Statistical query models and noise-tolerant learning algorithms, which o�ered a frame-
work for handling noisy or poor data�conditions typical in secure communications�are
noteworthy innovations from this era. Early research on neural networks, perceptrons,
and tree-based learning techniques helped de�ne how machine learning (ML) systems
could continue to function in unpredictable or hostile situations.

In addition, integrative models like FLARE (Framework for Learning and Reasoning)
foreshadowed future hybrid ML-cryptographic models by attempting to combine logical
reasoning and inductive learning. Even though real-world uses In addition, integrative
models like FLARE (Framework for Learning and Reasoning) foreshadowed future hybrid
ML-cryptographic models by attempting to combine logical reasoning and inductive learn-
ing. The theoretical tools created during this time period established the fundamental
framework for subsequent advancements in neural cryptography, adaptive encryption, and
pattern-based cryptanalysis, despite the fact that there were few practical applications in
cryptography. [4], [5]

2000�2010 � The Rise of Neural Cryptography
Signi�cant cooperation between machine learning and cryptography started in the

years 2000�2010. The development of neural cryptography, in which academics suggested
establishing cryptographic keys using mutual learning processes amongst neural networks,
is what most prominently de�nes this era.

Tree Parity Machines (TPMs), a method for synchronizing two neural networks over a
public channel to generate a shared secret key, were �rst presented in studies by Kinzel,
Kanter, and others. These systems were computationally e�cient and resistant to pas-
sive eavesdropping because they made use of the adaptive, stochastic behavior of neural
networks to thwart traditional cryptanalytic attempts.

Simultaneously, cryptographic techniques started utilizing probabilistic and statistical
learning models, like the Fisher-Schrödinger framework, to modify encryption parameters
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according to the characteristics of the data. Understanding how parity functions, which
are important for cryptographic hardness, could withstand learning in the presence of
adversarial noise was made possible by research on noise-tolerant learning.

This period, while still exploratory, marked a move toward data-driven cryptographic
protocols, paving the way for the following ten years of automation, intelligent key man-
agement, and security systems based on hybrid learning. [1], [2], [3]

2010�2020 � Privacy-Preserving Computation and Automated Cryptanalysis
Machine learning developed into a potent instrument for both protecting and breach-

ing cryptographic systems between 2010 and 2020. The broad use of privacy-preserving
machine learning (PPML) techniques this decade allowed for the analysis of encrypted
data without the need to decrypt it, which was a signi�cant privacy advance in industries
like healthcare and �nance.

One of the main advances was the incorporation of homomorphic encryption (HE)
into statistical machine learning models, which enabled the use of encrypted datasets
by algorithms such as Naïve Bayes classi�ers and decision trees. The development of
open-source tools to facilitate encrypted machine learning pipelines made it possible to
implement privacy-preserving analytics in real-world scenarios.

Simultaneously, automatic cryptanalysis was using machine learning more and more.
High-accuracy detection of cryptographic methods like RSA, AES, or DES could be
achieved by tools trained on built binaries, speeding up malware analysis and reverse
engineering. Additionally, deep learning models were utilized for ransomware detection,
using adversarial training to improve classi�er resistance and learning dynamic �le activity
patterns to detect threats.

All things considered, this decade demonstrated ML's potential to scale cryptographic
analysis, automate vulnerability identi�cation, and protect data privacy�even in hostile
or resource-constrained environments. HE's high processing costs and vulnerability to
adversarial cases, however, continued to be signi�cant obstacles. [6], [7], [8], [9]

2020�2025 � Deep Integration and Post-Quantum Frontiers
Particularly in light of post-quantum security risks, the current era (2020�2025) marks

a signi�cant turning point where machine learning is actively redesigning cryptographic
systems rather than merely improving them.

One signi�cant development is the use of transformer-based models in lattice crypt-
analysis to tackle challenging issues such as Learning With Errors (LWE), which forms
the basis of post-quantum encryption techniques. Transformers and angle embeddings are
used by well-known tools like SALSA and SALSA FRESCA to increase the e�ectiveness
and scale of attacks on high-dimensional cryptographic instances, which were previously
thought to be computationally impossible.

Concurrently, the combination of hybrid homomorphic encryption and federated learn-
ing has produced frameworks such as GuardML, which allow for privacy-preserving ma-
chine learning on devices with restricted resources. These systems balance utility, e�-
ciency, and con�dentiality by performing secure computations on sensitive data (such as
medical information) without ever decrypting it.

Gradient-based adversarial simulations have also emerged at this time, challenging
earlier theories regarding the limitations of machine learning in cryptanalysis. These
simulations demonstrate how contemporary machine learning algorithms can accurately
mimic or even surpass traditional sample-based cryptanalytic techniques.

These developments highlight major ethical issues even as they show how much ML can
innovate in the �eld of cryptography. Dual-use risks�where machine learning techniques
intended to improve security could be used to compromise it�emphasize the necessity of
international cooperation, responsible governance, and safe design standards. [10], [11],
[12], [13], [14] , [15]
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In conclusion
Between 1995 and 2025, machine learning in cryptography saw a signi�cant transfor-

mation, moving from discrete theoretical advancements to extensive, useful integration
across security systems. With the introduction of neural cryptography in the 2000s,
privacy-preserving and automated analysis techniques in the 2010s, transformer-based
cryptanalysis and post-quantum applications in the current era, and foundational learn-
ing models in the late 1990s, each decade has brought a new layer of innovation.

The evolution of cryptographic di�culties from static, rule-based protection to adap-
tive, intelligent, and data-driven security frameworks is demonstrated by this develop-
ment, which also shows the growing strength and sophistication of ML tools. In addition
to securely analyzing encrypted data, today's systems use machine learning (ML) to re-
veal minute �aws in algorithms that were previously thought to be impenetrable. But
this progress also brings risk and complexity. Every advancement in safe computation has
a parallel application in cryptographic attacks due to machine learning's dual-use nature.
For the upcoming generation of cryptographic systems, ensuring ethical use, protecting
ML pipelines from hostile attacks, and controlling computing e�ciency continue to be
major concerns.

In the end, the combination of cryptography with machine learning has revolutionary
potential for applications in digital governance, healthcare, and �nance in addition to
information security. To guarantee that this potent nexus is utilized to safeguard rather
than jeopardize the integrity of our digital environment going forward, a cooperative,
interdisciplinary method is necessary.
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Abstract

This study presents a spatiotemporal logic-based approach for detecting Autism Spec-

trum Disorder by analyzing structured behavioral patterns. Facial expressions, body

posture, and hand movements are quanti�ed using 1639 features extracted from video

data via MediaPipe models. These features, including the Mouth Aspect Ratio and

movement energy dynamics, provide a formalized representation of behavior suitable for

logical reasoning and computational analysis. A hybrid CNN-LSTM model is employed

to capture spatial characteristics and temporal dependencies in the data, achieving up

to 90% accuracy and an AUC exceeding 0.90. Experimental results reveal distinct be-

havioral di�erences between neurotypical children and those with ASD, supporting the

model's diagnostic potential. The proposed method bridges deep learning and applied

logic, enabling interpretable and scalable ASD screening within intelligent decision sup-

port systems.
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Abstract

This study presents the use of an Adaptive Neuro-Fuzzy Inference System (ANFIS) to

assess river surface water quality based on key indicators such as dissolved oxygen, BOD5,

ammonia, total phosphorus, and boron. A synthetic dataset was generated to simulate

typical pollution and puri�cation scenarios. The ANFIS model was implemented with

Gaussian membership functions and trained using supervised learning in PyTorch. The

system achieved approximately 90% accuracy after rounding outputs to water quality

classes. The model demonstrates strong interpretability and smooth decision boundaries.

This approach shows promise for ecological monitoring and can be expanded with real-

world data and additional water quality parameters.
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Abstract

The research work is devoted to the integration of multilingual skills from various
sources into a single heterogeneous knowledge graph for personalized educational rec-
ommendations. The relevance of the topic is due to the insu�cient study of methods
for combining multilingual data from educational programs, vacancies and online courses
(MOOC). [1]

The paper proposes a methodology for integrating semantically similar multilingual
skills into a heterogeneous knowledge graph model and develops recommender models
based on heterogeneous GNN. The dataset includes information from three subject areas:
a catalog of elective disciplines, vacancies and online courses. Three embedding models
(Word2Vec, BERT, SBERT) were compared, with SBERT being retrained on skill para-
phrases in Kazakh, Russian and English. For integration, embeddings of the retrained
SBERT model and hierarchical clustering were used, which improved the separation of
mastered and unmastered skills. [2]

To train the GNN, training samples were organized, where the edge weights were nor-
malized as the number of paths between the user's competence and the course by meta-
paths. Two models based on HGT and HAN layers were proposed to predict continuous
edge labels. Experimental results showed the e�ectiveness of retrained SBERT embed-
dings and clustering for multilingual skills, as well as the advantage of the HGT-based
recommendation model for course selection.
Acknowledgements. This research has been funded by the Science Committee of

the Ministry of Science and Higher Education of the Republic of Kazakhstan (Grant No.
AP22783030).
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Abstract

The Engagement Rate (ER) is a common metric used to evaluate user in�uence on

social media, but current ER formulas often apply arbitrary weights to interactions like

likes, comments, shares, and saves. These weights rarely re�ect platform-speci�c user

behavior or e�ort required to perform each action. This study proposes a revised ER

formula tailored to TikTok, where actions such as commenting and sharing involve greater

interaction friction than liking or saving. Using a scraped dataset of public TikTok posts

from Kazakhstan-based users, the standard ER formulation with the UX-informed variant

was compared. A user-user graph was constructed based on hashtag overlap and weighted

by average ER, with visual analysis performed in Gephi. While the Louvain community

detection algorithm was initially applied, it produced limited interpretability, pointing to

the need for additional content-based clustering. The revised ER led to signi�cant shifts

in user ranking and centrality, supporting the argument that engagement metrics should

be behavior-sensitive and context-aware.
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Abstract

This study explores the capabilities and limitations of modern Automated Theorem
Proving (ATP)[1] systems when working with formulas in the form of Horn disjunctions.
Special emphasis is placed on Prover9, Vampire, Lean, Coq, and Isabelle as representative
tools implementing various proof paradigms, from �rst-order resolution to dependent type
theory. Horn clauses, which play a central role in �rst-order logic, exhibit desirable
properties for automation, such as linear-time satis�ability checking and suitability for
logic programming and model checking. This paper analyzes how Horn disjunctions are
leveraged in the construction and veri�cation of computable and pseudo�nite models. A
comparative performance and expressiveness analysis of di�erent ATP systems is provided,
with concrete formalization examples. The study also addresses translation techniques
for encoding logical assertions into ATP-friendly formats and discusses the potential of
Horn-based encodings to optimize proofs in model-theoretic frameworks.
Acknowledgements. The study was partially supported by the Scienti�c Committee

for Education and Science of the Republic of Kazakhstan (AP19677451)
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Abstract

This study investigates the application of machine learning techniques for identifying

risk factors associated with cardiovascular diseases through structured and explainable

modeling. Two algorithms were evaluated, XGBoost, known for its rule-based gradient

boosting logic on tabular data, and a convolutional neural network (CNN) designed to

capture feature interactions in non-linear form. Emphasis is placed on the interpretabil-

ity and diagnostic reasoning capabilities of the models in relation to critical biomarkers

such as cholesterol, ferritin, homocysteine, and AST. Evaluation using MSE, R2, AIC,

and BIC metrics highlights the logical consistency and superior performance of XGBoost

in extracting structured insights from clinical features. The CNN model, while initially

promising, exhibited over�tting and lower generalization on validation data, underlining

the challenges of applying deep models to sparse or structured datasets. The �ndings em-

phasize the role of logical model selection and feature-based reasoning in the development

of AI-driven diagnostic tools for cardiovascular risk assessment.
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Abstract

Since the Caspian Sea bottom is extremely rich in hydrocarbon resources, there is an

urgent problem of dividing the Caspian Sea bottom between the �ve Caspian states for

the development and production of oil and natural gas. In the report, we will give a �nal

solution to this long-standing problem. It should be said right away that, according to

the Convention on the Legal Status of the Caspian Sea (Aktau, 2018), the surface and

waters of the Caspian are considered common for the ships of all Caspian states, so there

is no practical task of dividing the surface of the Caspian. However, we will still �nd

a (conditional) geometrically fair division of the Caspian surface, but not as an end in

itself, but as an intermediate result, and the orthogonal projection (i.e. perpendicular to

the surface of the sea) of the obtained division of the sea surface onto the sea bottom will

give the desired division of the Caspian Sea bottom. The concept of geometric fairness is

understood in the sense that a point on the sea surface belongs, for example, to Iran if and

only if this point is closest to the coast of Iran. Thus, although the surface of the Caspian

Sea plays an auxiliary role, we need an algorithm for a geometrically fair division of the

sea surface between the �ve Caspian states. The report will present such an algorithm

using the Voronoi-Thiessen polygon systems. The algorithm is implemented in the QGIS

geoinformation system. The resulting division of the Caspian Sea is compared with the

o�cially recognized one to date. It is indicated that although geometric fairness is basic,

superstructure factors (such as economic, natural, �nancial and geopolitical) are no less

important. The geoinformation approach proposed in the work can be applied to the

division of any geoobjects.
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